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Introduction 



The motive of this research is to decide the location of the zeros of modular functions. The Eisenstein 
series and the Hcckc type Faber polynomials are the most interesting and important modular forms. 
F. K. C. Rankin and H. P. F. Swinnerton-Dyer considered the problem of locating the zeros of the 
' Eisenstein series Ek(z) in the standard fundamental domain F (See [RSDj V They proved that all of the 

zeros of Ek(z) in F lie on the unit circle. They also stated towards the end of their study that "This 
method can equally well be applied to Eisenstein series associated with subgroups of the modular group." 
However, it seems unclear how widely this claim holds. 

Subsequently, T. Miezaki, H. Nozaki, and the present author considered the same problem for the Fricke 
group rg(p) (see |Kr] , [Q]), and proved that all of the zeros of the Eisenstein series E% (z) in a certain 
fundamental domain lie on a circle whose radius is equal to l/y^>, p — 2,3 (see }MNSj ) . Furthermore, 
we also proved that almost all the zeros of the Eisenstein series in a certain fundamental domain lie on 
' circles whose radius are equal to 1/y/p or 1/(2^), p — 5,7 (see [SJ2] ). 

Let r be a discrete subgroup of SL2(M), and let h be the width of T, then we define 

(1) F , r := {z e H; -ft/2 < Re(z) < h/2 , \cz + d\ > lforV 7 = ( a c b d ) elsic^O} . 



We have a fundamental domain Fr such that Fo,r C Fr C Fo.r- Let Fr be such a fundamental domain. 

For the modular group SL2(Z) and the Fricke groups Tq(p) (p = 2,3), all the zeros of the Eisenstein 
series for the cusp oo lie on the arcs on the boundary of their certain fundamental domains. 

H. Hahn considered that the location of the zeros of the Eisenstein series for the cusp oo for every 
genus zero Fucksian group T of the first kind with oo as a cusp which satisfies that its hauptmodul Jr 
takes real value on SFr, and proved that almost all the zeros of the Eisenstein series for the cusp oo for 
r lie on d¥r under some more assumption (see [Hj). 

Also, T. Asai, M. Kaneko, and H. Ninomiya considered the problem of locating the zeros of modular 
functions F m (z) for SL2(Z) which correspond to the Hecke type Faber polynomial P rn , that is, F m {z) = 
Pm{J{z)) (See |AKN] ) . They proved that all of the zeros of F m (z) in F lie on the unit circle for each m ^ 1. 
After that, E. Bannai, K. Kojima, and T. Miezaki considered the same problem for the normalizers of 
congruence subgroups which correspond the conjugacy classes of the Monster group (See [BKM|). They 
observed the location of the zeros by numerical calculation, then almost all of the zeros of the modular 
functions from Hecke type Faber polynomial lie on the lower arcs when the group satisfy the same 
assumption of the theorem of H. Hahn. In particular, T. Miezaki proved that all of the zeros of the 
modular functions from the Hecke type Faber polynomials for the Fricke group To(2) lie on the lower 
arcs of its fundamental domain in their paper. 
Now, we have the following conjectures: 

Conjecture 1. Let T be a genus zero Fucksian group of the first kind with oo as a cusp. If the hauptmodul 
Jr takes real value on <9Fr, all of the zeros of the Eisenstein series for the cusp oo for T in Fr lie on the 
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arcs 

<9F r Re(z) = ±h/2}. 

Conjecture 2. Let T be a genus zero Fucksian group of the first kind with oo as a cusp. If the hauptmodul 
Jr takes real value on dWy, all but at most Ch{T) of the zeros of modular function from the Hecke type 
Faber polynomial of degree m for T in Fr lie on the arcs 

d¥ r \ {z e H ; Re(z) = ±h/2} 

for all but finite number of m and for the constant number Ch(T) which does not depend on m. 

In this paper, we will observe the location of the zeros of the Eisenstein series and the modular func- 
tions from Hecke type Faber polynomials for the normalizers of congruence subgroups, as a first step of 
a challenge for the above conjectures. 

The normalizers of congruence subgroups of level at most 12 which satisfies the assumption of above 
conjectures are 

sl 2 (z), rs(2), r (2), rs(3), r (3), rs(4), r (4), rs(5), r (6)+, rs(6), r (6) + 3, r (6), 
r*(7), r*(8), r (8), rs(9), r (io)+, r*(io), r (io) + 5, r (i2)+, r;(i2), 

r (12) +4, andr (12). 

For the Conjecture HJ SL-2(Z), Fq(2), and Tq(3) verify Conjecture [T] For the other cases, we can prove 
by numerical calculation for the Eisenstein series of weight k ^ 500. 

For the Conjecture^ SLyZ) and Tq(2) verify Conjecture[5]for every degree to, where we have Ch{T) = 
for each case. Furthermore, for r (2), 1^(3), r (3), ^(4), r (4), r (6)+, r (6) + 3, r (6), r (8), T* {9), 
r (10)+, r (10) + 5, r (12) + , r (12) + 4, and r (12), we can prove all of the zeros of the modular 
function from the Hecke type Faber polynomial of every degee m sS 200 in each fundamental domain lie 
on the lower arcs by numerical calculation. 

On the other hand, for Tq(5) and 1^(7), we can prove by numerical calculation for the modular function 
from the Hecke type Faber polynomial of every degee to = 1 and 3 ^ m ^ 200, where we have Ch(T) = 
for each case. When m = 2, there is just one zero which is on the boundary of its fundamental domain 
but not on the lower arcs for the each group. 

For Fq(6) and Fq(8), we can prove by numerical calculation for the modular function from the Hecke 
type Faber polynomial of every degee m sC 200 which satisfy m ^ (mod 2) and to ^ 2 (mod 4), 
respectively. For the remaining degrees, there is just one zero which is on the boundary of its fundamental 
domain but not on the lower arcs for the each group, that is, c^(r) = 1. 

Finally, for Fq(10) and Fq(12), we have just two zeros which are not on the boundary of each funda- 
mental domain for degrees m = 7, 9, 11 and m = 3, 6, 12, 13, 15, respectively. Furthermore, there is just 
one zero which is on the boundary of its fundamental domain but not on the lower arcs for the case m = 
(mod 2) and to = 2,4 (mod 6), respectively. For the other cases, we can prove that all of the zeros are 
on the lower arcs of each fundamental domain by numerical calculation. 



r Eisenstein series (k ^ 500) Hecke type Faber polynomial (m ^ 200) 

sl 2 (z), rs(2), r (2), rs(3), r (3), 
rs(4), r (4), r (6)+, rye) + 3, 

r (6), r (8), rs(9), r (io)+, r (io) + 5, u 
r (i2)+, r (i2) + 4, r (i2). 



rs(5),rs(7) O m = 2, (1) 

17,(6) m : even, (1) 

TS(8) m = (mod 4), (1) 

r3(10) m = 7, 9, 11, [2], m : even, (1) 

Tg(12) m = 3, 6, 12, 13, 15, [2] m = 2, 4 (mod 6), (1) 



'0' : all °f the zeros lie on lower arcs. 

( • ): the number of zeros which are on dT but not on lower arcs. 
[ ■ ] : the number of zeros which are not on dT . 

Table 1. Result by numerical calculation 
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If the hauptmodul Jr does not take real value on <9Fr (cf. Figure [TJ, it seems to be not similar. Such 
cases are followings; 

r (5), r (6) + 2, r (7), r (9), r (io) + 2, r (io), r* (n), andr (i2) + 3. 




Lower arcs of d¥e+2 

Figure 1. Image by J 6+2 (r (6) + 2) 



For r (5), r (6) + 2, r (7), r (10) + 2, r (10), and r*(ll), we can observe that the zeros of the 
Eisenstein series for cusp 00 do not lie on the lower arcs of their fundamental domains by numerical 
calculation. However, when the weight of Eisenstein series increases, then the location of the zeros seems 
to approach to lower arcs. (See Figured]) 



The zeros of E 



k,6+2 



for 4 < k < 40 




X. 



The zeros of -E'k>oo,6+2 



Figure 2. Image by J 6+2 (r (6) + 2) 
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Also, for the zeros of the modular functions from the Hecke type Faber polynomials, we can observe 
that there are some zeros which do not lie on the lower arcs of their fundamental domains by numerical 
calculation. Furthermore, when the degree m increases, then the location of the zeros seems to approach 
to lower arcs. (See Figured]) 



The zeros of F m fi+2 
for 1 < m < 40 




Figure 3. Image by J 6+2 (r (6) + 2) 



On the other hand, ro(9) and ro(12) + 3 seem to show the special cases. We can prove that all of the 
zeros of the Eisenstein series of weight k ^ 500 lie on the lower arcs of their fundamental domains by 
numerical calculation. Also, we can prove that all of the zeros of the modular function from the Hecke 
type Faber polynomial of degee m ^ 200 lie on the lower arcs by numerical calculation. On the other 
hand, they do not satisfy the assumption of Conjecture [T] and [21 However, the image of lower arcs by its 
hauptmodul draw a interesting figure. (Figured]) 
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Figure 4. Image of the lower arcs of the fundamental domains by hauptmoduls 



We refer to [MNSj . |SJ1| . and . SJ2J for some groups. However, note that definitions in this paper are 
sometimes different from that in it. 

In 'Part F, we will consider the general theory of modular functions for the normalizers of the congru- 
ence subgroups To(N) of level N ^ 12. And in 'Part IF, we will observe the location of the zeros of the 
Eisenstein series and the the modular functions from Hecke type Faber polynomials for the normalizers 
in Part I by numerical calculation. 
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0. General theory 
Let r be a Fucksian group of the first kind with oo as a cusp. 
0.1. The modular group and some groups. 

0.1.1. The modular group, (see [52 VII. 1], [5HJ I-I], and [Kol III.l]) 

We have the special linear group defined by following: 

(2) SL 2 (M) := {( a c b d ) ; Va, b, c, d & R s.t. ad - be = 1} . 

Write I:={zeC; Im(z) > 0}, which is complex upper half-plane. We consider a action of SL 2 (R) 
on H U ({oo} U M) in the following way: 

For every 7 = ( " J) € SL 2 (R) and every z £ H, we put 

az + b 

(3) 7 z := — — . 

cz + d 

Note that —72 = 72; and Im(jz) — Im(z)/\cz + d\ 2 for every z € H. 
We also define 

(4) SL 2 (Z):=H" ^ GSL 2 (R); Va,6,c,dGz|, 
which is called the (full) modular group. 

0.1.2. Congruence subgroup, (see |Ko| III.l]) 
For a positive integer TV, we have 

(5) T(N) :={(*%) SSL 2 (Z); a = d=l, b=c = (mod TV)}. 

This group is a subgroup of the modular group SL 2 (Z) , which is called the principal congruence subgroup 
of level N. 

Also, if r' is a subgroup of SL 2 (Z) such that V D r(iV), then T' is called a congruence subgroup of 
level N. Here are some examples: 

(6) r (jV) := {(«<}) G SL 2 (Z) ; c = (mod TV)} , 

(7) ri(JV) := {(SS) eSL 2 (Z); o = d=l, c=0 (mod TV)} . 



0.1.3. Fricke group, (see |Kr| . [Q] ) 

For a positive integer N, we consider the Fricke group Tq(N). We define the following; 

(8) r* (N) := r (Tv) u r (iv) w^, w N ■.= (JL -Vv^ 

This group is a discrete subgroup of SL 2 (R), and commensurable with SL 2 (Z). 

0.1.4. The normalizer ofT (N). (see [CN] ) 

We introduce the normalizer of To (TV) . About notations, there is something different from |CN| . 
We fix positive integers n and h such that h\n and h\24. Then, we define 

a 61 J_ /oe 
c dj ' yfe \cn de 

for the integers e > and a,b,c,d such that e\\(n/h) and ade — bc(n/h)/e = 1. We denote 7„i/j := {e G 
N ; e||(n//i)}, where n\\m means that n\m and (n, m/n) = 1. 
Then, we define 

(10) r (n|/i) := {{ I b d } 1 ; a,b,c,d& Z s.t. ad-bc(n/h) = l} . 

, , f OT |M-t-P p p — , a,6,c,dG Z s.t. ade- &c(n//i)/e= 1 

(11) r H/i) + ei , e2 ,..,e m .-|{ cd j e , eG {l, ei ,...,e m } 

where {1, ei, e m } C I n \ h . 

(12) r (n|fc)+ := ( { a c h d } e ; °' 6 ' ^ G Z ^ °* " 6c ( n / /l )/ e = 1 



(9) 
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In addition, we have To(n) = Fo(n|l) and denote To(n\h)— :— To(n\h). 

For example, for a prime number p, we consider the case h = 1 and n = p, then we have J p M = {l,p} 
and 

{2$}i = (£$)er (p), 

{ S3}, = ( a S ^ ) = ( -* *) U e r ° (p) ^- 

Thus, we have r (p)+ = r (p) + p = r^(p) and T (p)— = T (p). That is, Fricke group Tq(p) is a 
normalizers of Fq(p). 

0.1.5. Preliminaries. Write T a := (of) (G SL 2 (M)) and P := {±T X ; x € R}. In this paper, we may 
assume 

(13) rnp\{±/}^ 

and r R P is discrete. Then, we call h := min{x > ; T x E T} the width ofT. 
For a cusp k of T, we define the stabilizer of the cusp k: 

r K := {7 G T ; 7K = k}. 

In particular, we have = T n P = {Tn/i ; » £ 2}' Furthermore, there exist some 7 K € SL/2(R) such 
that 7 K oo = k and 

r« = 7^00 7k 1 - 

We call "f K the cusp leader of the cusp k. Note that, T K and j K are depend on the group T. 

0.2. Fundamental domain, (see [S3 VII. 1], (SHJ I-I.4]) 

In this section, we consider a fundamental domain in H under the action of T (equation ([3])). 

Definition 0.1. Fr is a fundamental domain of T if and only if it satisfies following conditions: 
(FD1) For every z£i, there exists 7 <E T such that 72 e Fp. 

(FD2) For every two distinct points z\, z 2 £ Fr, there does not exist 7 £ T such that jz% = z 2 . 
We define 

F ,r -V 2 < Re{z) < h/2 , |cz + d| > lforV7 = ( a c b d ) G T \ P} 

(see [SH, IT. 4 & 5. Theorem 1.7 and 1.15]). Now, we have the following fact: 

Proposition 0.1. 

(i) Fo.r satisfies the condition (FD1). 

(ii) Fo.r satisfies the condition (FD2). 

Thus, we have a fundamental domain Fr such that Fo.r C Fr C Fo.r- Note that, let z,z' G <9Fo,r- If 
■yz = z' for some 7 = ( ° |j) G T\P, then |cz+d| = 1. Also, we have z = (e l6 -d)/c and z' = (e^ 7r_e ')+a)/c. 
We define r° := {7 = ( a c ^) G T ; |cz + d| = 1 for 3z e F ,r}, then we have the following fact: 

Corollary 0.1.1. IfT 3 -I, then T° U {T h , -1} generates T. On the other hand, i}T $ -I, T U {T h } 
generates T. 

0.3. Modular forms. 

0.3.1. Preliminaries, (see [E3 III.2, 3] and [31 VII.l]) 

Let / be a function on H. For 7= ( a c b d ) G SL 2 (R), we denote 

(14) f\ k l (z):=(cz + d)- k f( 1 z). 
Then, the relation 

(15) /|fc7 ( z ) = ^( z ) f° r ever y z S Eland every 7 = (" ^) G T 
is called the transformation rule for T. 
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Incidentally, since SL 2 (Z) = ((l\), (° q 1 )), transformation rule for SL 2 (Z) is equivalent to the 
following two equations: 

(16) f(z + 1) = /(*), 

(17) f(--)=z k f(z). 



z / 

We have the Fourier expansion: 

(18) f(z) = J2a n q%, where q h = e 2mz ' h . 

Similarly, we have the following Fourier expansion for every cusp n of T with the cusp leader j K : 

(19) f\ k l, (z) = ]T a -,n1h, where q h = e 2 ™' h . 

When h—l,wc denote q — qi. We say / is meromorphic at the cusp n if a Kj „ is zero for n small enough. 
Also, we call / holomorphic at the cusp k if a K .„ is zero for every negative integer n. 

Definition 0.2. Let / be a meromorphic function on H. / is called a modular function for T if / is 
meromorphic at every cusp and satisfies transformation rule for T. 

For a meromorphic function /, we assume f(n) = if and only if a Ki „ = for every integer n ^ 0. 

Definition 0.3. Let / be a modular function for T which is holomorphic on H, then / is called weakly 
modular form for T. In addition, if / is holomorphic at evry cusp of T, then / is called modular form for 
r. Furthermore, if / is equal to at every cusp of T, we call / cusp form for T. 

For a function /, let v p (f) be the order of / at p £ H. In addition, we also define the order of / at a 
cusp k: 

v K (f) := min{n G Z ; a K . n ^ 0}. 
Furthermore, we have following facts: 

Proposition 0.2. Let f be a modular form for T such that every coefficient of Fourier expansion is real. 
Then we have f(—z) = f(z) and v p (f) = v-p(f) at p e H. 

Let / be a modular function for T of weight k. If we have "fT-y^ 1 C T for 7 = (" d) ^ SL2(K), then 
we have 

/| fe 7 (7 l^z) = ((c'd - cd')z + (ad' - bc')) k f(z) 
for every j' = ( ) e T. Then, we have 

f\ k l Wz) = [c'z + d') k (cz + d)- k f{ lz ) = (c'z + d') k f\ kl (z). 
Thus, /| fc 7 is also a modular function for T of weight k. 

0.3.2. Hauptmodul. 

Let T be of genus 0. Then, we consider the weakly modular form for T which is holomorphic at every 
cusp but 00 and has the following form of Fourier expansion: 

00 

(20) j r (z) :=- + 

qh n 

It is determined uniquely up to the constant term. We call jr (canonical) hauptmodul of T. Note that it 
is a isomoprhism from a fundamental domain Ty to the Riemann sphere C U {00}. 

Similarly, we can define hauptmodul for the cusp k j£ which has the following form of Fourier expansion 
for the cusp k: 

_^ 00 

(21) ir| 7« (z) = — + J2 a n,^h- 

qh „=o 

Note that we have j£(z) = 3t(1k 1z ) if 7«T 1 T7k C T. In this paper, we consider only hauptmodul for the 
cusp 00. 
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0.3.3. Eisenstein series, (see [SGj ) 
Definition 0.4. For zel, 

(22) E^(z):=e jirf-^z)'" (e : fixed number) 

7er K \r 

is the Eisenstein series associated with T for a cusp k, where ^(7, z) := cz + d for 7= (jj) £T, e is 
often selected so that the constant term of -E£ r is 1- 

For example, let T = SL2(Z), then we have only 00 as a cusp of SL2(Z). Now, for an even integer 
k ^ 4, we have 

(23) £fc(z):=^ E + 

(c,d)=l 

as the Eisenstein series associated with SL2(Z). 

For A; = 2, we can define E2{z) as Ek(z) for fc 4. 



(24) E 2 {z):=- E (cz + rf)" 2 = 1 - 24 9 - 72 g 2 - 96g 3 



2 

(c,d)=l 

E^{z) is not modular form for SL2(Z). E^z) is holomorphic on H and at 00, and it satisfies transformation 
rule (fTB|) . On the other hand, it does not satisfy (fTT)) . instead, we have 

(25) £ 2 (-1) =z 2 S 2 (z) + -^z. 

If 7~ 1 r7 tt = r, then we have some relation between the Eisenstein series E^° T and E£ r . By the residue 
class T K \ r, we have 

r= IJ r K - 7 = (J ( 7K r co7 - 1 ) • 7 , r = 7 - 1 r 7re = |J r m • ( 7 " 1 77k) . 

7er K \r 7er K \r 7er K \r 

Then, it gives us a residue class \ T. Second, we have j (7 t T 1 7, Jk z ) = j ("Jk, z) 1 j (<y~ 1 77 K , z). Thus, 
we have 

E lr(jKz) = e E J'(7k 1 7,7kz) * = j^f K ,z) k -e ^ 3 (TkVtk)*) 
7er„\r 7er K \r 

= e'j^ K ,z) k -e" £ J*(7,*)" fc = 3 {in, z) k E% T (z). 
76r oc \r 

0.3.4. Eta function, (see [Kol III.2]) 
We put 

(26) &{z):=^({E A {z)f-(E G {z)f). 

A is the cusp form for SL2(Z) of weight 12 which satisfies Uoo(A) = 1. Now, we have 

Theorem 0.3 (Jacobi's product formula). 

00 

(27) A(z) = q Y[ (1 - q n ) 2i where q 

n=l 

Also, we have 

00 

(28) r 1 {z)=q^J[{l-q n ), 

n=l 

which is called the Dedekind n-function. Then we have 



e 2 ™ 2 . 



(29) 



n(z + 1) = e^' n(z) and 77 = \ j\^ z ^ ( see 1^°D - 
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where -^f- denote a square root which has nonnegative real part. Furthermore, we have 

(30) V (£±± ) = eyJ^B.r,{z) for ( - ») G SL 2 (Z), 
where e is one of the 24th-roots of 1 which depends on a, b, c, and d. 

0.3.5. Hecke type Faber polynomial, (see [XCMS ) 

Let r be a genus group. Then, we can determine the unique weakly modular form of weight for T 
which is holomorphic at every cusp but oo and has the following form of Fourier expansion: 

^ oo 

(31) ^m,rW:= — + 5>«C 

Since this function is of weight 0, we can write -F m ,r as a polynomial of the hauptmodul for T as follows: 

(32) F mt r(z) = P m ,r(jr(z)), 

where we call P m r(X) the Hecke type Faber polynomial of degree m for T. 

F mj r and P m p(X) are also defined with the twisted Hecke operator, (see (S.CMSJ 

For the other cusps, we can also define the functions F^ r and the polynomials P^ r {X), where 

(33) P™,r| 7« (*) ■= — + E a "^> 

(34) F^ r (z) = PZ iV (fi (z)). 

If TiT^T* C T, then we have P^ r (X) = P mX {X) since fi{z) = jril^z). 

0.3.6. Semimodular form. 

Let N be a positive integer. If the function / satisfies that f n is not a modular form (resp. function) 
for every integer n < N and f N is a modular form (resp. function), then we would like to call / the Nth 
semimodular form (resp. function) forT. 

For example, ^-function is 24th semimodular form for SLa(Z). 

Let / and g be meromorphic functions on H and at every cusp of T which satisfy transformation 
rule of weight ki and for T except for 7 = (" ^) £ T such that f(jz) = e 2m ' N (cz + d) k2 f(z) and 
g(jz) — e 2lx% l N (cz + d) k2 g(z), respectively. Then, / and g are Nth semimodular functions for T. Fur- 
thermore, f l g N ~ l and f/g are modular functions for T. 



0.4. Conjugate of the groups and the space of modular forms. 

We denote the space of modular forms of weight k for T by Mk(T), and that of cusp forms by Sk(T). 
Some discrete subgroups of SL 2 (R) are conjugate to each other. Moreover, some spaces of modular 
forms for such groups are isomorphic to each other. In this section, we introduce two of such cases. 
Let r and V be discrete subgroups of SL 2 (R) such that they are conjugate to each other. 

The first case is when r" = V f ~ 1 rVh, where Vh := ( ^ i/^/k) ' Then, ^ ^ s eas y to snow that the map 

M fe (r) 3 f(z)^ f(hz) g M fe (r') 

is a isomorphism. Furthermore, we have E%° r (hz) — Ej^ r ,(z). For example, we have ro(3|3) = 
K i - 1 SL 2 (Z)l/ 3 . 

The second case is when T' = T~ TT X . Then, we can easily show that the map 

M fc (r) 3 f(z) » f{z + x)e M fe (rO 

is a isomorphism. Furthermore, we have E^° T (z + x) = Ej? T ,(z). For example, we have Tg(4) = 
T , 1/2 r (2)T 1/2 . 

For both above cases, if all of the zeros of E^ T lies on the lower acrs of 9Fo,r, then all of the zeros of 
-Ej?° r , lies on the lower acrs of <9F 0i r" ■ 
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SL 2 (Z)^ 



r (3|3)i 



r (2)^ 



rg(4) 




Figure 5. Conjugate groups 



Remark 0.1. We have 

(35) r (n|/i) + ei,e 2 , e m = V h ^ 1 (T Q (n/h) +ei,e 2 , ...,e m )V h . 

Thus, in this paper, we observe only the normalizers such that h = 1. 
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Zeros of modular functions for the normalizers of congruence subgroups 



1. Level 1 

1.1. SL 2 (Z). (see [Si] and [RSD]) 

Fundamental domain. We have a fundamental domain for SL2 (Z) as follows: 
(36) F = {\z\ ^ 1, -1/2 < Re(z) 0}|J{|z| > 1, < Re(z) < 1/2}, 

where (° - 1 ) : e ie -> e^- ). By corollarjEQl we have SL 2 (Z) = (1 V))- 



Figure 6. SL 2 (Z) 

Valence formula. The cusp of SL 2 (Z) is only 00, and the elliptic points are i and p :— e 2?r / 3 . Let / be 
a modular function of weight k for SL 2 (Z), which is not identically zero. We have 



(37) 



peSL 2 (Z)\H 



Furthermore, the stabilizer of the elliptic point i is {±/,± (° q 1 )}, and that of p is 

{±',±( l^O 1 )^! I 1 )}- 

For the cusp 00. We have = {± (J 1) ; 1 G Z}, and we have the Eisenstein series associated with 
SL 2 (Z): 

E k (z) = - (cz + d)- k forfc^4. 



(c,d) = l 



We also have its Fourier Expansion: 
(38) 



2k 



where q :— e 2rrlz , o~k(n) '■— 'Yld\n < ^ k which is called divisor function, and B k are Bernoulli number. 

The space of modular forms. We have M fe (SL 2 (Z)) = CE k ®S k (SL 2 (Z)) and 5 fc (SL 2 (Z)) = AM fe _i 2 (SL 2 
for every even integer k ^ 4. Then, we have 

M fe (SL 2 (z)) = £ fe _ 12 „(c((£:4) 3 r © c((£; 4 ) 3 ) n - 1 A © • •• e c(A)«), 

where n — dim(Mfc(SL 2 (Z))) — 1 = \k/12 — (fc/4 — [fc/4j)J. Furcthcrmorc, on the zeros of Ek~i2n, we 
have v p {E A ) = 1, Vl (E 6 ) = 1,E 8 = (£ 4 ) 2 , E w = E 4 E 6 , and E u = (E 4 ) 2 E 6 . 

Hauptmodul. We define the hauptmodul of SL 2 (Z): 



(39) 



J := (E 4 f/A = - + 744 + 196884.? + 21493760? 2 + 864299970g 3 



where Uoo(J) — ~~ 1 an d v p{J) — 3- Then, we have 

(40) J:*\{zei; Re(z) = ±1/2} -> [0, 1728] C 



Level 2 
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2. Level 2 

We have T (2)+ = T* (2) and T (2)- = T (2). 

We have W 2 = 'X^) > and denote p 2 := -1/2 + i/2. We define 

A?(*) := ?7 16 (2z)/ ?7 8 (z), A°(z) := r, 16 (z)/r, 8 (2z), 
A 2 (z):=Af(z)A°(z)= 7 7 8 (z)^(22), 

where A§° and A§ are modular forms for To(2) of weight 4 such that ^(A^ ) = i>o(A 2 ) = 1, and A 2 is 
a cusp form for To(2) and Tq(2) of weight 8. Furthermore, we define 

(42) E 2 , 2 '(z) ~2E 2 (2z)-E 2 (z), 

where E 2 is the Eisenstein series for SL 2 (Z), and E 2)2 is not a Eisenstein series but a modular form for 
r (2) of weight 2 such that v P2 (E 2<2 ) = 1. 

2.1. rS(2). (see |MNS] ) 

Fundamental domain. We have a fundamental domain for Fq(2) as follows: 

(43) F 2+ = > 1/V2, -1/2 < fle(z) < o} |J [\z\ > 1/V2, < Re(z) < 1/2} , 
where W 2 : e l6 /V^ -> e*0 _e ty-\/2. Then, we have 

(44) rS(2) = <(5i), W 2 >. 



F 2+ ~' > ; ^ 1 

Figure 7. r*(2) 

Valence formula. The cusp of Tq(2) is 00, and the elliptic points are i/y/2 and p 2 = — 1/2 + i/2. Let / 
be a modular function of weight fc for Fq(2), which is not identically zero. We have 

(45) v 00 (f) + ±v i/V 2(f) + \v P2 (f)+ Mf) = l- 

P erS(2)\H 

Furthermore, the stabilizer of the elliptic point i/y/2 is {±7, ztW^}, and that of p 2 is 
{±/,±(- 1 - 1 1 ),±(r i 1 )^,±(i 21 )^}- 

For the cusp 00. We have = {± (J ") ; ™ € Z}, and we have the Eisenstein series associated with 
r;(2): 

(46) % (W ,^iLW forfc>4 . 

The space of modular forms. We have M k (T^(2)) = CE^ 2+ ®S k {Tl(2)) and S fe (r^(2)) = A 2 M fe _ 8 (rS(2)) 
for every even integer k 4. Then, we have 

M fc (r5(2)) - E k _ 8na+ (C((E 4 , 2+ ) 2 ) n © C((S 4i2+ ) 2 ) n - 1 A 2 © • • • © C(A 2 ) n ), 

where n = dim(Mfe(Fo(2))) — 1 = [k/8 — (fc/4 — |_Ar / 4J ) J . Furethermore, on the zeros of E k -sn, 2 +, we 
have v P2 (E 4 . 2+ ) = 2, v i/ ^(E 6j2+ ) = v P2 (E 6 . 2+ ) = 1, and £i , 2 + = £4,2+^6, 2+- 
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Zeros of modular functions for the normalizers of congruence subgroups 



Hauptmodul. We define the hauptmodul of Tq(2): 

(47) J 2+ := (E 4 2 +) 2 /A, = - + 104 + 4372g + 96256g 2 + 1240002g 3 + • • • , 

'/ 

where v QO (J2+) = — 1 and v P2 (J2+) = 4. Then, we have 

(48) J 2+ : d¥ 2+ \{z£i; Re(z) = ±1/2} -> [0, 256] C M. 
2.2. T (2). (see [SJT] ) 

Fundamental domain. We have a fundamental domain for To (2) as follows: 

(49) F 2 = {\z + 1/2| > 1/2, -1/2 < i?e(z) < 0} \J{\z - l/2j > 1/2, < i?e(z) < 1/2} , 

where _° x ) : {e lf> + l)/2 -► (e^" 9 ) - l)/2. Then we have 

(50) r (2) = ((i}), (I?)). 



Figure 8. r (2) 

Valence formula. The cusps of To(2) are oo and 0, and the elliptic point is p 2 . Let / be a modular 
function of weight k for To (2), which is not identically zero. We have 

(51) " ' " ^ ' ' 



Voo(f)+V {f) + \v p2 {f)+ E V/) 

pGr (2)\H 

Furthermore, the stabilizer of the elliptic point p2 is {±/,± (~ 2 



For the cusp oo. We have Too = {± (J ?) ; n G Z}, and we have the Eisenstein series for the cusp oo 
associated with To (2): 

2 k E k (2z)~E k (z) 



(52) 



2 k - 1 



for k > 4. 



For the cusp 0. We have Tq = {± ( 2n ? ) j n G ^} an( i 7o = W2, and we have the Eisenstein series for 
the cusp associated with r (2): 

~2 k / 2 (E k (2z) - E k {z)) 



(53) El >2 {z) 
We also have % x T (2) 7o = T (2). 



2 k - 1 



for k > 4. 



The space of modular forms. We have M fe (r (2)) = C££° 2 8 CE% <2 © S fe (r (2)) and 5 fe (r (2)) 
A 2 M fc _ 8 (r (2)) for every even integer k ^ 4. Then, we have Af 4n+2 (r (2)) = J B 2 , 2 'Af 4n (r (2)) and 

M 8 „(r (2)) = C((E™ 2 ) 2 ) n 8 CdE^) 2 )™- 1 A 2 © • • • 8 C(^ 4 co 2 ) 2 (A 2 )"- 1 

© C((£° 2 ) 2 ) n © C((S° 2 ) 2 )"" 1 A 2 © • • • © C(^° 2 ) 2 (A 2 ) n ^ 1 © C(A 2 ) n , 

M 8n+4 (r (2)) = E% 2 (C((E% 2 ) 2 ) n © C((i? 4 co 2 ) 2 ) n - 1 A 2 © • • • © C(A 2 ) n ) 

© ^ 2 (C((^ 2 ) 2 )" © C((^ 4 ° 2 ) 2 )"- 1 A 2 © • • • © C(A 2 ) n ). 



Level 2 15 



Here, since we have Ef 2 = A° and E\ 2 = A§°, we can write 



M 4n (r (2)) = c(A§°) n e c(a^°)"- 1 ao e • • • e c(A°) n . 

Hauptmodul. We define the hauptmodul of r (2): 

(54) J 2 := A°/A^° (= r7 24 (z)/?7 24 ( 2z)) = ^ - 24 + 276g - 2048? 2 + 11202g 3 + ■ 
where ^00(^2) = —1 and ^0(^2) = 1- Then, we have 

(55) J 2 : <9F 2 \ Re(z) = ±1/2} -» [-64, 0] C M. 
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Zeros of modular functions for the normalizers of congruence subgroups 



3. Level 3 

We have T (3)+ = 1^(3) and T (3)- = r (3). 

We have W 3 = ( ^ , and denote p 3 := -1/2 + 1/(2^3). We define 

A-(z) := V 9 (3z)/ V 3 (z), A° 3 (z) := V 9 (*)/v 3 &), 
A 3 (z):=A-(z)A0(z) = ry 6 (z)r, 6 (3z), 

where and A3 are 2nd semimodular forms (cf. Section 10 .3 . 6[) for To (3) of weight 3 such that 
WoofA^) = «o (A3) = 1, and A3 is a cusp form for To (3) and a 2nd semimodular form for Tq(3) of 
weight 6. Furthermore, we define 

(57) Ea, 3 '{z) := (3£ 2 (3z) - E 2 (z))/2, 

which is a modular form for To(3) of weight 2 such that ^3(^2,3') = 2. 



3.1. rjj(3). (see |MNB] ) 

Fundamental domain. We have a fundamental domain for Tq(3) as follows: 

(58) F 3+ = ^ 1/V3, -1/2 < Re(z) o}|j{|z| > 1/V3, < Re{z) < 1/2} 
where W 3 : e ie /y/3 -> e^'^/VS. Then, we have 

(59) rs(3) = ((Si), W 3 ). 



¥3+-' -i 

Figure 9. rg(3) 

Valence formula. The cusp of Tq(3) is 00, and the elliptic points are and p 3 = — 1/2 + i/(2^/3). 

Let / be a modular function of weight k for Tq(3), which is not identically zero. We have 

(60) v 00 {f) + \v i/ ^{f) + \v ps {f)+ J2 v pW = i 

P erS(3)\H 

p^i/V3, p 3 

Furthermore, the stabilizer of the elliptic point i/yS is {±7, iWs}, and that of p 3 is 

{±/,±(- 3 2 - 1 1 ),±(V- 2 1 ),±(ol 1 )^3,±(i3l)^3,±(- 3 2 _ 1 2 )^}. 

For the cusp 00. We have Too ={±(01) j n € Z}, and we have the Eisenstein series associated with 

rs(3): 

3 k,2 E k ('iz) + E k (z) 

(61) E k , 3+ (z):= kK ' for k > 4. 



Level 3 



17 



The space of modular forms. We define the following functions: 

A 8 , 3 ' := (41/1728) ((E A , 3+ ) 2 - £*,3+)> A 10 , 3 ' := (61/432) (£4,3+^3+ - £10,3+), 

Ai 2j3 ' : ~ ^4,3+ AsV, ^14,3 : = -E'4, 3+AlO, 3'. 

Now, we have M*(r5(3)) - CE k , 3+ © S k (T* {3)) and S k (T%{3)) = (CA 12j3 ' © C(A 3 ) 2 )M fe _ 12 (r5(3)) 
for every even integer k ^ 4. Then, we have M 12n+ i = E li3+ M 12n for Z = 4,6, Mi 2n +i = E L3+ M 12n © 
CA Z)3 '(A 3 ) 2n for Z = 8, 10, 14, and 

M 12n (r*(3)) = C(E 12 , 3+ ) n © C(S 12 , 3+ )"- 1 A 12 , 3 ' © C(i? 12 , 3+ )"- 1 (A 3 ) 2 © • • • © C(A 3 ) 2 ". 

Here, we define E^ 3 :— E§ t3+ / E 2>3 , which is a 2nd semimodular form such that v i i^{E^ 3 ) = 
v P3 {E 4 . 3 ') = 1. Then, we can write £"4.5+ = (E 2 . 3 ') 2 , £ 6 ,3+ = E 2 ^'E i ^', A 8 . 3 ' = £ 2 ,3'A 3 , Ai . 3 ' = 
£ 4 /A 3 , A 12)3 ' = (£ 2 /) 3 A 3 , and A 14 , 3 ' = (£ 2 , 3 ') 2 £;4/A 3 . 

Now, we have 

M fe (r*(3)) = E^{<C{(E 2 . 3 'f) n © c((£; 2 , 3 ') 3 )"- 1 a 3 © • • • © C(A 3 )"), 

where n = dim{M k (T*(3))) - 1 = [fc/6 - (fc/4 - [k/4\)\, and where % 3 ' := 1, (£ 2 , 3 ') 2 ^4, 3 ', (W) 2 , 
E^'E^s, E 2 _ 3 ' , and £4,3', when k = 0, 2, 4, 6, 8, and 10 (mod 12), respectively. 

Hauptmodul. We define the hauptmodul of Tq(3): 

(62) J 3+ := (E 2 3 ') 3 /A 3 = - + 42 + 783g + 8672 g 2 + 65367g 3 + ■ ■ • , 

q 

where Uqo(^3+) = — 1 an d Up 3 (J 3 +) = 6. Then, we have 

(63) J 3+ : d¥ 3+ \{zei; i?e(z) = ±1/2} -► [0, 108] C E. 
3.2. T (3). (see [SJI] ) 

Fundamental domain. We have a fundamental domain for To(3) as follows: 

(64) F 3 = {\z + 1/3| > 1/3, -1/2 < fle(z) < 0} (J {|z - 1/3| > 1/3, < Re{z) < 1/2} , 
where ( ~ 1 \ ) : (e if> + l)/3 -► (e^" 9 ) - l)/3. Then, we have 

(65) r (3) = ((!}), -(!?)). 



Figure 10. r (3) 

Valence formula. The cusps of To(3) are 00 and 0, and the elliptic point is p 3 . Let / be a modular 
function of weight k for To (3), which is not identically zero. We have 

(66) v oo (f)+v (f) + lv P3 (f)+ = | 

per (3)\H 

Furthermore, the stabilizer of the elliptic point p 3 is {±/, ± (~ 3 2 ~i) , ± {3 ~ 2 )}■ 
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Zeros of modular functions for the normalizers of congruence subgroups 



For the cusp oo. We have = {± (J \ ) ; n € Z}, and we have the Eisenstein series for the cusp oo 
associated with r (3): 

(67) iSaM:- **^*'" for,, 4. 

For the cusp 0. We have r = {± ( 3 ^ J ) ; n € Z} and 70 = W3, and we have the Eisenstein series for 
the cusp associated with r (3): 

(68) <,(*):= -^WN-^l) ,„ t>4 . 
We also have 7^ r (3) 70 = r (3). 

The space of modular forms. We have M fe (r (3)) = CE%° 3 © CE% 3 © S fe (r (3)) and S k (T (3)) = 
A 3 M fc _ 6 (r (3)) for every even integer k ^ 4. Then, we have M 6n+2 (r (3)) = E 2 , 3 ' M 6n (T (3)) and 

M 6n (r (3)) = C(E% 3 ) n © C(S 6 co 3 )"- 1 A 3 © • • • © C^ 3 (A 3 )"- 1 

© C(Eg j3 ) n © C(^ 6 ° 3 ) n - 1 A 3 © • • • © C^aCAs)"- 1 © C(A 3 ) n , 

M 6 „ +4 (r (3)) = ££>3(C(££ 3 ) n © C(S 6 co 3 )"- 1 A 3 © • • • © C(A 3 ) n ) 

© £° 3 (C(£ 6 ° 3 )" © C(S 6 ° 3 )"- 1 A 3 © • • • © C(A 3 ) n ). 

Here, we define £?i i3 ' := E 2 ,3 , which satisfies v P3 (E lt3 ') = 1. Then, we can write Ef^ 3 = £i ;3 'A^ 

and (1/27)^,3 = . Furthermore, we have £^ 3 = (Af ) 2 + (243/13)Af A§ and (-13/243)£§ )3 = 

Af A§ + 39(A§) 2 . Now, we have 

M fc (r (3)) = £; fc _ 3 „,3 / (C(A 3 x> )" © C(A 3 ")"- 1 A§ © • • • © C(A°) n ), 

where n = dim(M fe (r (3))) - 1 = |fc/3j and where #0,3' := 1- 

Hauptmodul. We define the hauptmodul of r (3): 

(69) J 3 := Ag/Ag* (= r ? 12 (z)/ ?? 12 (3z))) = - - 12 + 54<? - 76g 2 - 243<? 3 + • • • , 
where v^Jz) = —1 and v (Jt) = 1. Then, we have 

(70) J 3 : <9F 3 \ {z e H ; i?e(z) = ±1/2} -» [-27, 0] C M. 



Level 4 
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4. Level 4 

We have r (4)+ = T (4) + 4 = T£ (4) and T (4) - = T (4) . 

We have W 4 = ( ° -j/ a ) and define W 4 - 2 = ( ^ ~i ) and Wk+,2 = ( ~ i/JS^ ) • We define 

A?(z) := ?7 8 (4z)/ ?7 4 (2z), A°(z) := r ? 8 (z)/r 7 4 (2z), A 4 1/2 (z) := r?° {2z) / {rf (z)rf {Az)) , 
(71) A 4 (z) := A 4 °°(z)A°(z)A 4 - 1/2 (z) = v 12 (2z), 

A 4+4 (z) := A 4 °°(z)A°(z)(A 4 - 1/2 (z)) 2 = r, 32 (2z) / (r, a (z)rj s (Az)) , 

where Af , A 4 , and A 4 1 ^ 2 are modular forms for To(4) of weight 2 such that ^(A^ ) = t>o(A 4 ) = 

— 1/2 

t»_i/2(A 4 ) = 1. Then, A 4 is a cusp form for I\)(4) of weight 6, A 4+4 is a cusp form for Tg(4) of weight 
8. Furthermore, we define 

E 2 a(z) ■■= E 2t2 '(2z) = 2E 2 {Az) - E 2 (2z), 
E 2A+4 '(z) := 2E 2A '(z) - E 2>2 '(z) = AE 2 {Az) - 4E 2 (2z) + E 2 {z), 

which are modular forms for ro(4), Tq(4) of weight 2, respectively. Then, we have U-i/4+i/4(-E'2,4 ) = 1 
and v l/2 (E 2A+i ') = 1. 

4.1. r5(4). (see [SJl]) 

We have rj(4) = T (2) T 1/2 . 

Fundamental domain. We have a fundamental domain for Tq(4) as follows: 

(73) F 4+4 = {\z\^ 1/2, -1/2 < Re(z) < 0} \J{\z\ > 1/2, < Re(z) < 1/2} , 
where W 4 : e l8 /2 -> e i (' r_e )/2. Then, we have 

(74) = <($!), w A ). 



Figure 11. r*(4) 

Valence formula. The cusps of 1^(4) are oo, 0, and —1/2, and it has no elliptic point. Let / be a 
modular function of weight k for Tq(4), which is not identically zero. We have 

(75) ««,(/) +i>-i/a(/) + i« i/3 + E v r(f) = ^ 

pG r2(4)\H 

For the cusp oo. We have F^ = {± ( J ™ ) ; n € Z}, and we have the Eisenstein series for the cusp oo 
associated with rj(4): 

(7fi\ J?°° ( \ ^Wz)-2E k (2z) + E k (z) 

(76) E kA+i {z) := ^— for fc ^ 4. 
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For the cusp -1/2. We have T_ l / 2 = |± ("^n -n+l) > 71 e ^} an ^ 7-1/2 = ^4+,2 and we have the 
Eisenstein series for the cusp —1/2 associated with 1^(4): 

(77) := -If^'W) + fort>4 . 
We also have 7-^ rj(4) 7-1/2 = ^(4). 

The space of modular forms. We have 

aoo _ aoo a0 A^ 1 /2 _ I A-l/2^2 
^4+4 — ^4 ^4> ^4+4 — 1^4 J • 

Now, we have M fe (r*(4)) = C££ 4+4 ©CEg i4 ©S fc (r5(4)) and S k (T* Q (4)) = A 4+4 M k _ 6 (T* (4)) for every 
even integer k ^ 4. Then, we have M 4 „ +2 (r;$(4)) = i?2.4+4'M4 n (rg(4)) and 

M 8 „(r5(4)) =C((3S^) 2 )" © C(( J B 4 °? 4+4 ) 2 )"- 1 A 4+ 4 © • • • © C(£; 4 co 4+4 ) 2 (A 4+4 )"- 1 

© C{(E-^f) n © C((i? 4 ; 4 1 / 2 4 ) 2 )"- 1 A 4+4 © • • • © C( J B 4 ; 4 1 / 2 4 ) 2 (A 4+4 )"- 1 © C(A 4+4 )", 

M 8n+4 (r*(4)) =^ 4+4 (C(( J B 4 co 4+4 ) 2 )" © C((^ 4+4 ) 2 )"- 1 A 4+4 © • • • © C(A 4+4 )") 

© E^{C{{E-^f ) n © CdEZlH ) 2 )"- 1 A 4+4 © • • • © C(A 4+4 )"). 

Here, since we have -£4*4+4 = A 4 ^{ 2 and E^l^ 4 = A4+4, we can write 

M in (r* (4)) = C(A 4 ° +4 )" © C(Af +4 )"- 1 A 4 ^ 2 © ■ • • © C(A 4 ^ 2 )". 

Hauptmodul. We define the hauptmodul of 1^(4): 

(78) J 4+4 := A 4 +f/A^ 4 (= 77 48 (2z)/(7 ] 24 (z)r ? 24 (4z))) = - + 24 + 276g + 2048^ + 11202<? 3 + • ■ ■ , 

where Woo(«/4+4) = — 1 and v_i/2( J4+4) = 1. Then, we have 

(79) J 4+4 : <9F 4+4 \ {z e H ; Re{z) = ±1/2} -> [0, 64] C K. 

4.2. T (4). (see [SJl]) 

We have r (4) = V 2 ' 1 T(2)V 2 . 

Fundamental domain. We have a fundamental domain for To (4) as follows: 

(80) F 4 = {\z + l/4j > 1/4, -1/2 sS ite(z) < 0} \J{\z - 1/4| > 1/4, < i?e(z) < 1/2} , 
where ( ~l \ ) : (e ie + l)/4 -> (e^"") - l)/4. Then, we have 

(81) r (4) = (-/, (ID, (I?)). 



Figure 12. r (4) 



Valence formula. The cusps of To(4) are 00, 0, and —1/2, and it has no elliptic point. Let / be a 
modular function of weight k for To (4), which is not identically zero. We have 

Voo(f)+V (f)+V_ 1/2 (f)+ V vU) = \- 

P er (4)\H 



(82) 



Level 4 
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For the cusp oo. We have = {± (J ^ ) > 71 € an d we have the Eisenstein series for the cusp oo 
associated with r (4): 

W :- * E ^ : ^ * k>L 

Note that we have Ef A {z) = E^ 2 (2z). 

For the cusp 0. We have Tq = {± ( 4 „ °) ; n € Z} and 70 = W 4 , and we have the Eisenstein series for 
the cusp associated with r (4): 

(84) < 4 (.) := ziEiM^m !otk>1 . 
Note that we have E° kA = 2~ k / 2 E^ 2 . We also have 7^ T (4) 7o = r (4). 

For the cusp -1/2. We have T_ 1/2 = {± ( 2 "£n _ 2 ™+i) ; « e Z} and 7 _i/ 2 = W 4 -,2 and we have the 
Eisenstein series for the cusp — 1/2 associated with To (4): 

(85) E^ 2 (z) := f^) ±*W1 forfc>4 . 
Note that we have E~ A /2 = 2- k l 2 El\ /2 . We also have jZu 2 r o(4) 7-i/ 2 = T (4). 

The space of modular forms. We have E2.2' as a modular form for To (4) C To (2) of weight 2 such 
that V- 1/2+ i/2(E2,2) = 1- Moreover, we have M 2 (r (4)) = C£ 2 , 2 ' © CE 2 / . 

Now, we have M fc (r (4)) - CEf A © CE a k 4 © CE' 1 / 2 © S fc (r (4)) and S k (T (4)) = A 4 M fe _ 6 (r (4)) 
for every even integer k ^ 4. Then, we have M 6 „ +2 (r (4)) = £ 2;4 'M 6 „(r (4)) © C£ 2 /(A 4 )™ and 

oo \n-l a /T\ n\ (H zt'OO / a \n-l 



M 6 „(r (4)) =C(£^ 4 )" © C(S 6 TO 4 )"- 1 A 4 © • • • © C£ 6 ~ 4 (A 



I 



© c(£ 6 ° 4 )" © c(s 6 ° 4 )"- 1 a 4 e • • • © c< 4 (A 4 )"- 1 
© c(^] /2 )" © c(^] /2 )"- 1 a 4 e • • • © c^ 6 ; 4 1/2 (A 4 )"- 1 e c(A 4 )", 



J 6,4 

Tioo \n— 1 , 



M 6n+4 (r (4)) =^ 4 (C(S 6 TO 4 )" © C(^ 6 co 4 )"- i A 4 • • • © C(A 4 )") 

© El A (<C(El A ) n © C(^ 6 ° 4 )"- 1 A 4 © • • • © C(A 4 ) n ) 

© ^ /2 (C(^ /2 ) n © c(£; 6 ;1 /2 )"- 1 a 4 © • • • © c(A 4 ) n ). 

Here, we have £ 2 , 2 ' = 32A|° + A°, £ 2;4 ' = 16Af + A", £f/ 4 = 16Af A° + (A°) 2 , (1/16)^ 4 = 
16(Af ) 2 + AfA% (-l/16)E-l /2 = Af A°, £ 6 ~ 4 = 128(Af ) 2 A° + 24A 4 (A°) 2 + (A") 3 , (-l/8)£ 6 ° 4 = 
512(Af ) 3 + 48(Af) 2 A2 + Af (A°) 2 , and (1/8)Eq A /2 = -16(Af>) 2 A° + Af(Al) 2 . Now, we can write 
M 2n (r (4)) = C(A~)" © C(A|° T^A" © • • • © C(A°) n . 

Hauptmodul. We define the hauptmodul of To (4): 

(86) J 4 := A4/A4 (= r/ 8 (z)/?7 8 (4z)) = 1 - 8 + 20g - 62g 3 + 216 g 5 + • • • , 
where ^00(^4) = —1 and «o(>^4) = 1- Then, we have 

(87) J 4 : <9F 4 \ {z e H; i?e(z) = ±1/2} -> [-16,0] C M. 
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5. Level 5 

We have T (5)+ = T* {5) and T (5)- = r (5). 

We have W 5 = (j- -1 ^), and denote p 5<1 := -1/2 + i/(2V5), p 5 , 2 := -2/5 + i/5, and p 5j3 := 
2/5 + i/5. We define 

Af(z) := ry 5 (5z)/r,(z), A°(z) := V 5 (z)/ V (5z), 
A 5 (z) :=A?(z)£$(z)=t,*(z)t,*(5z), 

where A§° and A° are 2nd semimodular forms for To (5) of weight 2 such that v OQ (Af) = vo(A®) = 1, 
and A5 is a cusp form for To (5) and Fq(5) of weight 4. Furthermore, we define 

(89) E 2>5 '(z) (5£ 2 (5z) - E 2 (z))/A, 

which is a modular form for To (5) and 2nd semimodular form for Tq(5) of weight 2 such that v P5 2 (£' 2 ,5') — 
1. 



5.1. T*(5). (see [5J2]) 

Fundamental domain. We have a fundamental domain for Tq(5) as follows: 

F 5+ = Uz + 1/2| > l/(2\/5), -1/2 Re{z) < -2/5} I J \\z\ ^ 1/VE, -2/5 ^ Re(z) ^ o\ 

(90) _ _ 

\j{\z\ > 1/V5, < Re(z) sC 2/5} U {l« — 1/2| > 1/(2^), 2/5 < 7?e(z) < 1/2^ , 

where W 5 : e ie /V5 -> e^-^/y/E and ( " g 2 W 5 : e l6 /(2V5) + 1/2 -> e^*- 9 ) / (2y/E) - 1/2. Then, we 
have 

(91) r$(5) = <(&!)> w 6 , (ID). 



F 5+ -i -! » IS 

Figure 13. rj|(5) 

Valence formula. The cusp of r^(5) is 00, and the elliptic points are i/y/E, £5,1 = — 1/2 + iy/E/lQ and 
p$ t 2 = —2/5 + i/5. Let / be a modular function of weight k for Tq(5), which is not identically zero. We 
have 

(92) «oo(/) + 5« i/ vs(/) + 5«P.. 1 (/) + 5«rt. 3 (/)+ E v p(/) = J- 

P er*(5)\H 

p^i/V5, p B ,i, P5,2 

Furthermore, the stabilizer of the elliptic point i/y/E (resp. P5 1, p§ 2) is {±1, ±Ws} 
(resp. {±/,±(_ 3 5 - 2 1 )PF 5 },{±/,±(- 2 - 1 )}) 

For the cusp 00. We have = {± (J 1) ; 1 G Z}, and we have the Eisenstein series associated with 
r;(5): 

(93) W ) » 5t/ ^l^ £t(2) 



Level 5 



23 



The space of modular forms. We have M k (T* (5)) = CE k ^ + ®S k (T*(5)) and S k (T* (5)) = A 5 Af fc _ 4 (r;$(5)) 
for every even integer k ^ 4. Then, we have M 4n+6 (rQ(5)) = E 6 _ 5+ M4 n (Tl(5)) and 

M 4 „(rs(5)) = c((£ 2 , 5 ') 2 r e c((E 2 . 5 , ) 2 ) n ' 1 A 5 © • • • © c(A 5 ) n . 

Hauptmodul. We define the hauptmodul of Tq(5): 

(94) J 5+ := (E 2 5 ') 2 /A 5 = - + 16 + 134q + 760q 2 + 3345g 3 + • ■ ■ , 

q 

where «oo(^5+) = — 1 and v P5 2 (Js + ) = 2. Then, we have 

(95) J 5 + : <9F 5+ \ {z S H ; i?e(z) = ±1/2} -> [22 - IOa/5, 22 + 10^5] C E. 
5.2. T (5). (see [SJT] ) 

Fundamental domain. We have a fundamental domain for To(5) as follows: 

F 5 = {|z + 2/5j > 1/5, -1/2 sC i?e(.z) -2/5} |J { \z + 2/5| > 1/5, -2/5 < Re(z) < -3/10} 

(96) (J {|z + 1/5| 1/5, -3/10 ^ Re(z) sC 0} |J {\z - 1/5| > 1/5, < i?e(z) < 3/10} 

|J {|z - 2/5| ^ 1/5, 3/10 «: Re(z) sC 2/5} \J {\z - 2/5| > 1/5, 2/5 < fle(z) < 1/2} , 

where i^) : (e* e + l)/5 -» (e^~ e ) - l)/5, ( 2 I*) : (e* e + 2)/5 -» (e***-** + 2)/5, and (" 5 2 " 1 ) : 
(e* 9 - 2)/5 -> (e 1 ^- 9 ) - 2)/5. Then, we have 

(97) r (5) = ((Sl), (£?), (ID). 



Figure 14. r (5) 

Valence formula. The cusps of To(5) are oo and 0, and the elliptic points are p5 <2 and = 2/5 + i/5. 
Let / be a modular function of weight k for To (5), which is not identically zero. We have 

(98) M/)+«o(/) + ~« P5 , 2 (/) + ~W/)+ E Mf) = ^- 

per (5)\H 

P^P5,2,P5,3 

Furthermore, the stabilizer of the elliptic point pc,^ (resp. ^5,3) is {±/, ± ( ~ 2 ~ 2 ) } (resp. {H, ± ( 2 Z 2 ) }) 

For the cusp 00. We have = {± ( q " ) ; n £ Z}, and we have the Eisenstein series for the cusp 00 
associated with r (5): 

(99) W :- btk>i . 



\ 1 ' 

the cusp associated with To (5): 



For the cusp 0. We have Tq = {± ( i 5 ) j w G Z} and 70 = W5, and we have the Eisenstein series for 



,0 -5 h '*(E k (5z)-E k (z)) 



(100) ^, 8 (*):= ^^71 — forfe^4. 

We also have 7q r (5) 70 = r (5). 
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Zeros of modular functions for the normalizers of congruence subgroups 



The space of modular forms. We have M fe (r (5)) = CE%° 5 © CE% >5 © 5 fc (r (5)) and S fe (r (5)) = 
A 5 M fc _4(r (5)) for every even integer k > 4. Then, we have M 4n+2 (ro(5)) = E 2 . 5 ' M 4n (T (5)) and 

M 4n (r (5)) = c(e™ )" e ciE^)"- 1 ^ © • • • e c^ 5 (A 5 )"- 1 

e c(£5 i6 ) n e c(£2 i5 ) n - 1 A 6 © • • • e ce^a^- 1 © c(A 6 ) n . 

Here, we have Eg 5 = (125/13) Ag°A° + (A°) 2 and (13/125)^,5 = !3(Ag°) 2 + Ag°A°, then we can 
write 

M 4 „(r (5)) = C(A§°) 2n © C(Ag°) 2 "- 1 A° © • • • © C(A°) 2n . 
Hauptmodul. We define the hauptmodul of r (5): 

(101) J 5 := A°/Ag° (= v 6 (z)/f 1 6 (5z)) = 1 - 6 + 9q + I0q 2 - 30q 3 + • • • , 

where ^00(^5) = —1 and ^0(^5) = 1- Then, we have 

J 5 : {|z + l/5| = 1/5, -3/10 ^ Re(z) < 0} -> [-5-2\/5,0] C R, 

(102) {|z + 2/5| = 1/5, -1/2 i?e(z) < -2/5} -> {-11 sC Re(z) < -5 - 2\/5, < 7m(z) < 2}, 

{|2 - 2/5| = 1/5, 3/10 Re(z) < 2/5} -> {-11 < i?e(z) ^ -5 - 2\/5, -2 sC 7m(z) < 0}. 



Lower arcs of d¥ 5 



Figure 15. Image by J 5 
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6. Level 6 

We have r (6) + , r„(6) + 6 = ^(6), T (6) + 3, r„(6) + 2, and T (6)- - r (6). 

We have W e = (y 1 '*), W e , := ), and W 6<3 := (^" 2 jf ), and we denote 

P6,i := P3 = -1/2 + «/(2 v / 3), P6,2 := -1/3 + i/(3\/2), p 6 , 3 := -2/5 + i/(5-s/§), p 6 ,4 := -1/4 + i/(4V3), 
and p 6 , 5 := 1/3 + i/(3-\/2). We define 

A§°(*) := ? 7 (z)r ? - 2 (2z)7 ? - 3 (3z)? ? 6 (6^, A°(z) := 7 7 6 (z)^ 3 (2z)7 ? - 2 (3z)r y (6z), 

(103) AjT 1/2 (z) := r ? - 3 (z)r ? 6 (2z)ry(3z)r 7 - 2 (6z), Ag 1/3 («) := n~ 2 (z)n{2z)rf {Zz)^ , 

A 6 (z) := A-(z)A°(z)A 6 - 1/3 (z)A 6 - 1/2 (z) = 7 ? 2 (z)ry 2 (2z), 7 2 (3z)ry 2 (6z), 

where Ag°, Ag, A~ 1/2 , and A" 173 are 2nd semimodular forms for To (6) of weight 1 such that v 00 (A^ > ) = 

t>o(Ag) = i?_i/2(A 6 l72 ) = u_i/3(A 6 1//3 ) = 1, and Aq is a cusp form for To(6) of weight 4. Furthermore, 
we define 

E 2 ,6+6(z) ■= (6£ 2 (6z) - 3£ 2 (3z) - 2E 2 (2z) + E 2 (z))/2, 

(104) £2,6+3' (2) := (6£ 2 (6z) - 3£ 2 (3z) + 2E 2 (2z) - £ 2 (z))/4, 
£2,6+2' (2) := (6£ 2 (6z) + 3£ 2 (3z) - 2E 2 (2z) - E 2 (z))/6, 

which are modular forms for To(6) of weight 2, and we have v i , y yg(E2fi+6 ) = v p e ,3 (-£2,6+6 ) = lj 
Vpe tl (£2,6+3') = ^6,4(^2,6+3') = 1, and u P6 , 2 (£2,6+2') = Vp 6 , 5 (£2,6+2') = 1- 

6.1. r (6)+. 

We have 

r (6)+ = r„(6) + 2, 3, 6 = r (6) u r (6)^ 6 , 2 u r (6)w 6 , 3 u r (6)w 6 . 

Fundamental domain. We have a fundamental domain for To (6)+ as follows: 

F 6+ = Uz + 1/2] > l/(2\/3), -1/2 < Re(z) < -1/3 } |J 1/V6, -1/3 < ite(z) < o} 

U{|z| > 1/a/6, < Re(z) < l/3||J||a - 1/2] > 1/(2/3), 1/3 < fle(z) < 1/2 V , 

where, W 6 : e ie /\/6 -> e^ 9 )/^ and ( -$ ~ 3 ) W 6 , 3 : e 4 7(2/3) + 1/2 -> e 2 ( 7r - e )/(2 % /3) - 1/2. Then, we 
have 

(106) r (6)+ = ((Ji). W a , W 6 , 3 ). 



F 6+ -t -i • i i 
Figure 16. r (6)+ 

Valence formula. The cusp of r (6)+ is 00, and the elliptic points are i/V&, P6,i = —1/2 + i/(2V3), 
and p6,2 = —1/3 + 1/(3^2). Let / be a modular function of weight k for r (6)+, which is not identically 
zero. We have 

(107) v oc (f) + ±v l/V - e (f) + ±v P6 Af) + \v P6 M)+ E v p {f) = \- 

per (6)+\H 

p^i/V6, p 6il , p 6i2 

Furthermore, the stabilizer of the elliptic point i/y/6 (resp. pe,i, Pe, 2 ) is {±7, zbH^} 
(resp. {±I,±W 6l 3}, {±I,±W 6<2 }) 
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For the cusp oo. We have = {± ( J f ) ; n € Z}, and we have the Eisenstein series associated with 
r (6) + : 

nnfi s P , x 6 k/2 E k (6z) + 3 fc / 2 g fc (3z) + 2 fc / 2 ff fc (2z) + E k (z) 

(108) ^ 6+ (z):= (3*/2 + l)(2*/' + l) forfc ^ 4 ' 

The space of modular forms. We have M k (T a (6)+) = CE kt e+ © S fc (r (6)+) and S k (T a (6)+) = 
A 6 Mfc_4(r (6)+) for every even integer k ^ 4. Then, we have M4„ +6 (r (6)+) = EQ^ + M4 n (T (6)+) and 

M 4 „(r (6)+) = C((£ 2 , 6+2 ') 2 )" 8 C((S 2 , 6+2 ') 2 )"- 1 A 6 8 • • • © C(A 6 ) n . 
Hauptmodul. We define the hauptmodul of To (6)+: 

(109) J 6+ := (£ 2 , 6+2 ') 2 /A 6 = - + 10 + 79q + 352g 2 + 1431g 3 + • • • , 
where Uoo("^6+) = — 1 an d fp 6i2 (^6+) = 2. Then, we have 

(110) J 6+ : d¥ 6+ i?e(z) = ±1/2} -> [-4, 32] C K. 



6.2. r (6) + 6-r5(6). 

Fundamental domain. We have a fundamental domain for Tq(6) as follows: 

F 6+6 = {|z + 5/12| > 1/12, -1/2 < ite(s) < -2/5} I \\\z\ ^ 1/V&, -2/5 ^ Re(z) ^ o\ 

(HI) , 1 

(J ||z| > l/Ve, < fle(z) < 2/5 J |J {> - 5/12| > 1/12, 2/5 < Re(z) < 1/2} , 
where W e : e w /VQ -> e^-^/Vfj and ( 7 2 5 _ 2 5 ) : (e ie + 5)/12 -> (e^"") - 5)/12. Then, we have 

(H2) rs(6) ={(hl), w 6 , (&§)>. 



Figure 17. r*(6) 

Valence formula. The cusps of Tq(6) are oo and —1/2, and the elliptic points are i/yE and ^6.3 = 
—2/5 + i/(5\/6). Let / be a modular function of weight k for rg(6), which is not identically zero. We 
have 

(113) ««,(/) + «-i/ 3 (/) + ^ i/ vg(/) + ^«i. 8 (/)+ E w p(/) = ^- 

perj(6)\H 

Furthermore, the stabilizer of the elliptic point i/%/6 (resp. pe,3) is{±J, ±We} (resp. {±/,± (_i 2 5 ) W^}). 

For the cusp oo. We have Too = {± ( J ™ ) ; n € Z}, and we have the Eisenstein series for the cusp oo 

associated with Tq(6): 

(114) 

pCO , . _ (Q k/2 + l)(6 k/2 E k (6z) + E k {z)) - (3 fc / 2 + 2 fc / 2 )(3 fc / 2 £; fc (3z) + 2 k / 2 E k (2z)) 
^kfi+eW- (3 fc -l)(2 fe -l) torfc^4. 



Level 6 
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For the cusp -1/2. We have T_y 2 = {± (^"tn -6n+i) > n e Z } and 7-1/2 = w 6,3, and we have the 

Eisenstein series for the cusp —1/2 associated with Tq(6): 

(115) 

p-i/a , v _ -(3 fc / 2 + 2 fc / 2 )(6 fc / 2 £ fc (6z) + g^)) + (6 fc / 2 + l)(3 fc / 2 £ fc (3z) + 2 k / 2 E k (2z)) 
^*,6+«W- (3 fe -l)(2 fe -l) torfc^4. 



We also have 7 lj /2 r^(6) 7-1/2 = 1^(6). 
The space of modular forms. We define 



A 00 — A°°A° A _1//2 — A _1 / 2 A -1 / 3 

^6+6 ^6 ^61 ^6+6 " — ^6 ^6 > 

which are 2nd semimodular forms for Tq(6) of weight 2. 

Now, we have M k (T* (6)) = CE^ 6+6 ®CE^ 6 ®S k (T* (6)) and 5^5(6)) = A 6 Af fc _ 4 (r5(6)) for every 
even integer k > 4. Then, we have M 4 „ +2 (rQ(6)) = E 2 s+q '-^4ra(To(6)) and 

M 4n (rS(6)) = C(E£ 8+6 ) n © C(E 4 ~ 6+6 )"- 1 A 6 © • • • © C^+eCAe)"" 1 

© C(^6+6) n © C^^r-^a © • • • © C J B 4 - 6 1 / 2 6 (A 6 ) n - 1 © C(A 6 )". 

Here, we have E^ 6+6 = (-13/5)Ag° +6 A^/ 2 + (A^ 2 ) 2 and (-5/13)£$g = (-5/13) (Ar +6 ) 2 + 
A^ 6 A 6 ^g 2 , then we can write 

M 4n (TS(6)) = C(A- 6 ) 2 " © C(A- g) 2 -^-^ 2 © • • • © C(A 6 ^ 2 ) 2 ". 
Hauptmodul. We define the hauptmodul of Tq(6): 

(116) J 6+6 := Ag^/A^g (= if (z ) rf 1 ( 2z ) V ( 3z ) 77- 5 (6z ) ) = ± + 12 + 78 g + 364</ 2 + 1365g 3 + • • • , 
where Woo(^6+6) = — 1 an d v - 1/2(^6+6) = 1- Then, we have 

(117) J 6+6 : d¥ 6+6 \ {z € H ; Jte(z) = ±1/2} -> [0, 17 + 12^2] C R. 



6.3. r (6) + 3. 

Fundamental domain. We have a fundamental domain for To (6) + 3 as follows: 

F 6+3 ={\z + 1/2| ^ 1/(2^3), -1/2 < Re{z) < -1/4} I J {> + 1/6| 5= 1/6, -1/4 < iie(» sC 0} 
(118) 1 r J , 

|J{>- 1/6| > 1/6, < 7?e(z) < l/4}(J||z- 1/2| > 1/(2^3), 1/4 < Re(z) < 1/2 j , 

where (V _° x ) : (e t9 + l)/6 -► (e^" 9 ) - l)/6 and ( 7 2 5 - ? 3 ) W 6 ,3 : e iB /(2y/3) + 1/2 -» e^- e )/(2V3) - 1/2. 
Then, we have 

(H9) r (6) + 3=((J 1 ), (J?), ^3). 




Figure 18. T (6) + 3 
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Valence formula. The cusps of r (6) + 3 arc oo and 0, and the elliptic points are p6,i = — l/2 + i/(2\/3) 
and p6,4 = — l/4 + i/(4\/3). Let / be a modular function of weight k for r (6) + 3, which is not identically 
zero. We have 

(120) Voo{f)+Vo{f) + ^ Vp6i{f) + ^ Vp64{f)+ « P (/) = |- 

per (6)+3\H 

P#P6,1,P6,4 

Furthermore, the stabilizer of the elliptic point p6,i (resp. p 6i4 ) is {±1, iM 7 ^} (resp. {±/, ± ( ~g ~§ ) ^6,3}). 

For the cusp 00. We have = {± (J ") ; n e Z}, and we have the Eisenstcin series for the cusp 00 
associated with r (6) + 3: 

(121) E°° (z) - 2fc3fc/2 ^( fe ) - 3 fc/2 ^(3z) + 2 fc g fc (2z) - E k (z) 

(^n ^fe, 6 +3^j — ( 3 fc/2 + i)( 2 fe _ 1) tor k * 4 - 

For the cusp 0. We have r = {± ( g n " ) ; n e Z} and 70 = W^, and we have the Eisenstein series for 
the cusp associated with r (6) + 3: 

n22 , F o M . -2 fc / 2 (3 fc / 2 £ fc (6z) - 3 fc / 2 £ fc (3z) + g fc (2z) - E k {z)) 

(122) ^,wW- (3 fc/ 2 + 1)( 2fc _ i) forfc^4. 

We also have 7 c / 1 (r (6) + 3)70 = T (6) + 3. 

The space of modular forms. We define 

A°° — A^A -1 / 2 A — A°A _1//3 

^6+3 - — ^6 ^6 ' ^6+3 ^6^6 ' 

which are 2nd semimodular forms for To (6) + 3 of weight 2. 

Now, wehaveM fe (r (6)+3) = CE% a+3 ®CE% i6+3 ©5 fc (r (6)+3) and S fc (r (6)+3) = A 6 Af fe _ 4 (r (6) + 
3) for every even integer k ^ 4. Then, we have M 4 „ +2 (r (6) + 3) = E 2 ,6+3 M in (T (6) + 3) and 

M 4 „(r (6) + 3) = £(E™ +3 r © C(^ 6+3 )"- 1 A 6 © • • • © CES^Ab)"- 1 

© C(El 6+3 )" © C( J B 4 6+3 )"- 1 A 6 © • • • © C^e+aCAe)"" 1 © C(A 6 ) n . 

Here, we have £ 4 ~ 6+3 = (32/5)A^ 3 A° +3 + (A° +3 ) 2 and (5/32)£° 6+3 = 10(A§° 3 ) 2 + A§° 3 A« +3 , then 
we can write 

M 4 „(r (6) + 3) = C(A& 3 ) 2 " © C(A? + 3 ) 2 "~ 1 A° +3 © • • • © C(A° +3 ) 2 ". 
Hauptmodul. We define the hauptmodul of r (6) + 3: 

(123) J 6+3 := A° +3 /A^ +3 (= r, 6 (z)r,- (i (2z)r 1 (i (3z)r l - (i (6z)) = I - 6 + 15g - 32<? 2 + 87q 3 
where Wcx>(^6+3) = — 1 an d ^0(^6+3) = 1- Then, we have 

(124) J 6+3 : 5F 6+3 \ {z e H ; i?e(z) = ±1/2} -> [-16, 0] C R. 



6.4. r (6) + 2. 

Fundamental domain. We have a fundamental domain for To (6) + 2 as follows: 

F 6+2 =[\z + 1/3| > l/(3\/2), -1/2 sC i?e(z) < -1/3} (J ||« + 1/3| > l/(3\/2), -1/3 < Re{z) < -1/6} 

(125) (J {\z + 1/6| > 1/6, < Re(z) 0} (J {|z - 1/6| > 1/6, < fle(z) < 1/6} 

|J || 2 - 1/3| 5: 1/(3^2), 1/6 Re{z) ^ 1/3} (J ||« - 1/3| > l/(3\/2), 1/3 < fle(z) < 1/2} , 

where ( ^ \ ) : (e M + l)/6 - (e 4 ^-^ - l)/6, ( & 2 ) . e «/(3V2) + 1/3 -» e^" 9 )/^) + 1/3, and 
W 6;3 : e l 7(3\/2) - 1/3 -» e^-^ / (Zyfi) - 1/3. Then, we have 

(126) r (6) + 2 = ((J}), (J?), w 6i2 ). 
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Figure 19. r (6) + 2 

Valence formula. The cusps of ro(6) + 2 are oo and 0, and the elliptic points are p6,2 = — 1/3 + 1/(3^2) 
and p6,5 = 1/3 + i/(3\/2). Let / be a modular function of weight k for To (6) + 2, which is not identically 
zero. We have 

(127) Uoo ( / ) +Uo(/ ) + l Up62 ( / ) + l Up6B ( / ) + £ v P (f) = l- 

per (6)+2\H 

P#P6,2,P6,5 

Furthermore, the stabilizer of the elliptic point p 6 ,2 (resp. p%^) is {±7, ±^6,2} (resp. {±7, ± ( ^ |) Wg,2})- 

For the cusp 00. We have = {± ( J ™) ; n 6 Z}, and we have the Eisenstein series for the cusp 00 
associated with T (6) + 2: 

(128) JS? (,) ■ 2fc/23 ^( fe ) + 3fc ^( 3z ) " 2 fc/2 ^-(2.) - g^) forfc>4 
*M+2W'- (3 fe - l)(2 fe /2 + 1) torft^4. 

For the cusp 0. We have To = {± ( g n ° ) ; and 70 = Wq, and we have the Eisenstein series for 

the cusp associated with To(6) + 2: 

(129) E° (z) - -3 fc/2 (2 fc / 2 ^(6z) + £? fc (3z) - 2*/^ fc (2z) - E k (z)) 

U^J %aW- (3 fc - l)(2fc/ 2 + 1) torfc^4. 

We also have 7 ~ 1 (r (6) + 2) 7o = r (6) + 2. 

The space of modular forms. We define 

A°° — A^A -1 / 3 A — A°A -1 / 2 

^6+2 - — ^6 ^6 ' ^6+2 - — ^6^6 ' 

which are 2nd semimodular forms for To(6) + 2 of weight 2. 

Now, wehave M fc (r (6) + 2) = C75^ 6+2 eC^ 6+2 e5 fc (r (6)+2) and S* fe (r (6) + 2) = A 6 Af fc _ 4 (r (6) + 
2) for every even integer k ^ 4. Then, we have M 4 „ +2 (r (6) + 2) = £'2,6+2' A7 4n (r (6) + 2) and 

Af 4 „(r (6) + 2) = C(E™ +2 ) n © C(£ 4 co 6+2 )"- 1 A 6 8 • • • 8 CJ^+^Ae)"- 1 

© C(£° 6+2 r © C(S 4 % +2 )"- 1 A 6 8 • • • 8 C^^lAe)"- 1 © C(A 6 )«. 

Here, we have £ 4 ~ 6+2 = (27/5)Ag° +2 A° +2 + (A° +2 ) 2 and (5/27)£ 4 ° 6+2 = 7(Ag° +2 ) 2 + Ag° +2 A° +2 , then 
we can write 

A7 4 „(r (6) + 2) = C(A- 2 ) 2 " © C(A- 2 ) 2 "- 1 A° +2 8 • • • 8 C(A° +2 ) 2 ". 
Hauptmodul. We define the hauptmodul of To (6) + 2: 

(130) J 6+2 := A° +2 /A^ +2 (= V i (z)r 1 i (2z)r 1 - i (3z)r 1 - i (6z)) = - - 4 - 2q + 28q 2 - 27g 3 - • • • , 

where ^00(^6+2) = —1 and Vo(Je+2) = 1. Then, we have 

Je+2 : {\z+l/6\ = 1/6, -1/6 < Re(z) < 0} -> [-3,0] C R, 

(131) jjz + 1/3| = l/(3\/2), -1/2 < Re(z) < -1/3} -» {-7 < Jie(a) < -3, < Im(z) < 4^}, 

||z- 1/3| = l/(3v^), 1/6 s? Re(z) <: 1/3 } {-7 < ite(z) < -3, -4%/! sj Im(z) sC 0}. 
Thus, does not take real value on some arcs of <9Fg+ 2 . 
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Lower arcs of dWa+2 

Figure 20. Image by J e+2 

6.5. r (6). 

Fundamental domain. We have a fundamental domain for To(6) as follows: 

F 6 = {\z + 5/121 ^ 1/12, -1/2 sC Re(z) < -1/3} I J {\z + 1/6] > 1/6, -1/3 < Re(z) < 0} 

(132) 

(J{U?-1/6| > 1/6, 0<Re(z) ^ l/3}(J{|z-5/12| > 1/12, 1/3 < Re(z) < 1/2}, 

where ( ^ ^) : (e ie + l)/6 -> (e^" 9 ) - l)/6 and ( 7 2 5 _ 2 5 ) : (e* e + 5)/12 -> (e^"*) - 5)/12. Then, we 
have 

(133) r (6) = (-7, d 5 2 l)). 



Figure 21. r (6) 



Valence formula. The cusps of To(6) are oo, 0, —1/2, and —1/3. Let / be a modular function of weight 
k for Tq (6), which is not identically zero. We have 



(134) 



>(f)+v (f) + v-i/2(f)+v-i /3 (f)+ Mf)=k- 

per (6)\H 



For the cusp oo. We have F^ = {± (J ™) ;n€ Z}, and we have the Eisenstein series for the cusp oo 
associated with To (6): 



(135) 



poo fv , _ d k E k (Gz) - 3 k E k (3z) - 2 k E k (2z) + E k {z) .... 
HfiW- ( 3 * _ !)( 2 fc _ i) tor k > 4 



For the cusp 0. We have Tq = {± ° ) \ n G ^} an( i 7o — Wb) an d we have the Eisenstein series for 



the cusp associated with To (6): 



(136) 



6 k / 2 (E k (6z) - E k (3z) - E k (2z) + E k (z)) 



(3 fe -l)(2 fe -l) 



for k > 4. 



We also have 7 - 1 (r (6)) 7 o = r (6). 
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For the cusp -1/2. We have T_ 1 / 2 = {± ~6n+i) > 71 e ^} an d 7-1/2 = W 6 . 3 , and we have the 

Eisenstein series for the cusp —1/2 associated with r (6): 



(137) E-^) . zj^tM^g^gi) ± ^» ,„ t> 4. 

We also have 7l 1 1 /2 (r (6))7_ 1/2 = r (6). 



(138) E^\'\z) := — y - ky J ~ h ~ tovk^A 



For the cusp -1/3. We have r_ 1/3 = {± _ 6 2 ™+i) ; n e Z} and 7_i/ 3 = W 6 ,2, and we have the 

Eisenstein series for the cusp —1/3 associated with To (6): 

1/3^ ._ -2 fc / 2 (3 fc £ fc (6z) - 3 k E k (3z) - E k (2z) + E k {z)) 

(3 fe -l)(2 fe -l) 

We also have 7_; i 1 /3 (ro(6))7_i /3 = r (6). 

The space of modular forms. We have M fc (r (6)) = <CEf fi © <CE° kfi © C£~g /2 © C£~g /3 © S k (T (6)) 
and 5fc(r (6)) = A 6 Mfe_4(ro(6)) for every even integer k ^ 4. Then, we have M4„ +2 (r (6)) = 
E 2i6+6 'M 4n (r (6)) 8 C£ 2 , 6+3 '(A 6 )" C£ 2 , 6+2 '(A 6 )" and 

M 4 „(r (6)) =C(E^ 6 ) n C^f-iAe • • • C^Ae)™" 1 

C(£ 4 ° 6 ) n C(^ 6 )"- 1 A 6 • • • C^eCAe)"" 1 

C(E;l /2 ) n © C^/ 2 )"- 1 ^ • • • CE-^iA^- 1 

© C(^ 6 1/3 )" © C(£; 4 ; 6 1/3 )"- 1 A 6 © • • • © C^^Aa)"- 1 © C(A 6 ) n . 

Here, we have E 2S+& ' = -72(Ag°) 2 + (A°) 2 , E 2 . 6+3 ' = 72(Ag°) 2 + 18A-A" + (A°) 2 , £ 2 , 6+2 ' = 
72(A-) 2 + 16A-Ag + (Ag) 2 , E% 6 = (2592/5)(A-) 3 A0 + (972/5)(Ar) 2 (Ag) 2 + (121/5)A-(A0) 3 + (A°) 4 , 

(5/36)£° 6 = 720(Ag°) 4 + 242(A§°) 3 A§ + 27(Ag°) 2 (Ag) 2 + Ag°(A°) 3 , (-S/O)^ 72 - 32(Ag°) 3 A° + 

12(Ag°) 2 (Ag) 2 + Ag°(A°) 3 , and (-5/4)^ 6 1/3 = 162(Ag°) 3 A° + 27(Ag°) 2 (A°) 2 + Ag°(A°) 3 . Now, we 
can write 

M 2 „(r (6)) = C(A^°) 2 " © C(A^°) 2 "- 1 A° © • • • © C(A°) 2 ". 
Hauptmodul. We define the hauptmodul of r (6): 

(139) J 6 := A°/Ag° (= r, 5 (z)7 ? - 1 (2z)7 ? (3z)r,- 5 (6z)) = ± - 5 + 6q + Aq 2 - 3g 3 - • • • , 
where ^(Jg) = —1 and v (J 6 ) = 1. Then, we have 

(140) J e : d¥ 6 \{z eW; Re(z) = ±1/2} [-9,0] ci 
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We have T (7)+ = 1^(7) and T (7)- = T (7). 

We have W 7 = (j^ 1 ^ 7 ), and denote p 7 ,i := -1/2 + 1/(2^/7), P7,2 '■= -5/U+ V3i/U, and 
p 7: 3 := 5/14 + y/3i/U. We define 



4 A?°(*) := Vv 7 (7z)/r,(z), A?(z) := y/v 7 (z)/ V (7z), 

A 7 (z) :=A?(z)A° r (z)=r, 3 (z)r 1 3 (7z), 

where A7 and A° are 4th semimodular forms for To(7) of weight 3/2 such that v 00 (Af) = vo(A^) = 1 
and Ay^A") 3 is a modular form for To(7), and A7 is a cusp form for To(7) and 2nd semimodular form 
for Tq(7) of weight 6. Furthermore, we define 

(142) E 2 /{z) := (7E 2 (7z) - E 2 (z))/6, E h7 ' := /^V, 

where \f~ is selected so that constant term of its Fourier expansion is positive. Here, E\_ 7 is a 2nd 
semimodular form for To(7) and 4th semimodular form for Tq(7) such that v pr 3 (Ei t7 ) — 1, and E\j A 7 
is a modular form. Then, £2,7 is a square of it. 

7.1. rg(7). (see [SJ2] 1 ) 

Fundamental domain. We have a fundamental domain for Tq(7) as follows: 

F 7 + =\\z+ 1/2| > 1/(2^7), -1/2 < Re(z) < -5/14) I JIN > 1/V7, -5/14 < iie(z) < o} 

(143) 1 _ 

|j{|z| > 1/V7, < i?e(z) < 5/14} [J 1/2| > 1/(2^7), 5/14 < fle(«) < 1/2 1 . 

where M+ : e ie /\/7 -> e^" 9 ) / 'yfi and ( " 3 - 1 ) W 7 : e ie /(2\/7) +1/2 -> e 4 ^- 9 '/! 2 ^) - 1/2. Then, we 
have 

(144) ^(7) = <(&!), W 7 , ( 72 ))- 



F 7+ -t -i • i i 
Figure 22. T*(7) 

Valence formula. The cusp of rjj(7) is 00, and the elliptic points are i/y/7, p 7 ,i = —1/2 + i>/7/10 and 
p 7i2 = —5/14 + a/3«/14. Let / be a modular function of weight k for Tq(7), which is not identically zero. 
We have 

(145) Uoo (/) + I u . /V -( / ) + i^ 7i ( / ) + i^ 72 ( / )+ £ «p(/) = |- 

P ers(7)\H 

Furthermore, the stabilizer of the elliptic point z/-\/7 (resp. p 7 1, p 7 2 ) is {±7, ±W+} 
(resp. {±7 ) ±(_ 4 7 - 2 1 )W 7 } ) {±7,±(-3^),±(- 7 2 - 3 1 )}) 

For the cusp 00. We have Too ={±(01) I n € an d we have the Eisenstein series associated with 

rs(7): 

p ^ 7 fc / 2 £ fc (7z) + ff fc (z) 

(146) 75 fci7+ (z) := ?fc/2 for fc ^ 4. 
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The space of modular forms. We define the following functions: 

A 4 , 7 := (5/16)((£; 2 , 7 ') 2 -^7+), 
Aico, 7+ := (559/690) ((41065/137592) (£4,7+^7+ - E w , 7+ ) - £ 6 , 7+ A 4 , 7 ), 

Here, A 4j7 and Aio,o,7+ ar e cusp forms for Tq(7) and To (7) of weight 4 and 10 such that i>oo(A 4!7 ) = 
v P72 (A 4J ) = 1 and v i/ ^ f (A W:0J+ ) = v P71 (Ai ,o,7+) = 1, Uoo(Aio,o,7+) = 2, respectively. 

Furthermore, we have M k (T* (7)) = CE kJ+ © S k {T* {7)) and S k (T* {7)) = S 12 (T* (7))M k _ 12 (T* {7)), 
where 

S 12 (T*(7)) = <£{E 2 . 7 ') A A 7A © C(E 2 /) 2 (A 7A ) 2 © C(A 7 , 4 ) 3 © C(A 7 ) 4 
Then, when we write k = 12 + / for I = 0, 4, 6, 8, 10, 14, we have 

M 12+l (T*(7)) = E lJ+ (C(E 2 y) 6n © (E 2J ') 6 ^S 12 (n(7)) © (£ 2 ,7') 6( "- 2) (A 7 ) 4 Si2(rS(7)) 

© • • • © (A 7 ) 4 ("~ 1) 5i 2 (rQ(7))) 

©(A 7 ) 4 "^(^(7)). 

where we denote A 6j7+ := Ai ,o, 7+ /A 4:7 , and we have 5 4 (rg(7)) = CA 7j4 , S 6 (T%(7)) = CA 6j7+ , 
S 8 (T*(7)) = C(E 2 . 7 ') 2 A 7A © C(A 7 , 4 ) 2 , (1*5(7)) - C(£ 2 , 7 ') 2 A 6 , 7+ © CA 10 , ,7+, 
S 14 (r*(7)) = C(^ 2i7 ') 4 A 6 , 7+ © C(£7 2 ,/) 2 A 10 ,0,7+ © CA 7i4 Ai 0i o,7+- 

Here, we define 

^3,7 : = Ai 0j o, 7 +/(A 4i7 A 7 ), 

which is 4th semimodular form such that v i i^f{E^^ 7 ) = v P7 1 {Es >7 ) = 1, and (Eij') 3 E$ t7 is a modular 
form. 

Then, we have A 4:7 = E±j'A 7 , Ag j7 + = Eqj A7, and Aio,o,7+ = Ei, 7 ' E^y (A 7 ) 2 , and 

S k (T*(7)) = (C(E h7 ') 9 A 7 © C(S 1:7 ') 6 (A 7 ) 2 © C(£i, 7 ') 3 (A 7 ) 3 © C(A 7 ) 4 )M fe _ 12 (rS(7)). 

Furthermore, we can write 

M k (T*(7)) = % i7+ '(C((£ l!7 ') 3 )" © C((S 1 , 7 ') 3 ) n - 1 A 7 © • • • © C(A 7 )"), 

where n = dim(Af fe (r*(7))) - 1 = [k/3 - 2(fc/4 - Lfc/4J)J, and where % 7+ ' := 1, {E h7 ') 2 E 3 . 7 ', EtJ, 
Eaj, {Eij') 2 , and E1/E3J, when k = 0, 2, 4, 6, 8, and 10 (mod 12), respectively. 

Hauptmodul. We define the hauptmodul of Tq(7): 

(147) J 7+ := (£i/) 3 /A 7 = - + 9 + 51g + 204g 2 + 681 9 3 + • • • , 
where t | o(^7+) = — 1 an d v P7 2 {J 7 +) = 3. Then, we have 

(148) J 7+ : d¥ 7+ \{zei; i?e(z) = ±1/2} -► [-1, 27] C R. 
7.2. T (7). (see [SJl] l 

Fundamental domain. We have a fundamental domain for To (7) as follows: 

F 7 = {\z + 3/7| > 1/7, -1/2 sC i?e(z) < -5/14} \J {\z + 2/7| > 1/7, -5/14 < Re(z) < -3/14} 

(149) [J {\z + 1/7| > 1/7, -3/14 sC Re(z) sC 0} \J {\z - 1/7| > 1/7, < Re(z) < 3/14} 

(J {|* - 2/7| ^ 1/7, 3/14 < iie(z) < 5/14} \J {\z - 3/7| > 1/7, 5/14 < Re(z) < 1/2} . 

where (" 7 X : (e' e + l)/7 -» (e l ( T - e ) - l)/7, ( " 7 3 - 1 ) : {e lf> - 2)/7 -> (e^- e ) - 3)/7, and ( 2 I*) : 
(e ie + 3)/7-> (e 1 ^- ) + 2)/7. Then, we have 

(150) r (7) = ((5i), -(*?), ( 44 )). 
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Valence formula. The cusps of To (7) are oo and 0, and the elliptic points are p^^ and ^7,3 = 5/14 + 
\/3i/14. Let / be a modular function of weight k for ro(7), which is not identically zero. We have 



(151) Voo(f)+v (f) + \v P7t2 (f) + \v PTt3 (f)+ v p^ = 



yer (7)\H 

P#P7,2,P7,3 



2k 



Furthermore, the stabilizer of the elliptic point p7 2 (resp. P73) is {±J, ± ( 7 3 2 1 ) ,± ( 7 g 1 )} (resp. 

{±i,±( 3 7 : 2 ),±( 2 7 4)}). 

For the cusp 00. We have = {± (q ™) ; n <E Z}, and we have the Eisenstein series for the cusp 00 
associated with r (7): 

(152) ^)- ^ Et( lt 1 Et[Z) 

For the cusp 0. We have Yq = {± ( 7n \ ) ; n G Z} and 70 = W7, and we have the Eisenstein series for 
the cusp associated with T (7): 

d 5 3) <,(,):= -j^sm^m fort>4 . 

We also have 7^ T (7) 70 = T (7). 

The space of modular forms. We define the following functions: 

A 6A7 := A?°(A?) 3 , Ae.1,7 := (A? ) 3 A?, 

where they are cusp forms of weight 6. 

Let k be an even integer k ^ 4. We have M k (T Q {7)) = CE%° 7 © CEg )7 © 5 fc (r (7)) and 5 fc (r (7)) = 
(CA 6 , ,7 © CA 6 , li7 © C(A 7 ) 2 )M fc _ 6 (r (7)). Then, we have M 6n+2 (r (7)) = E 2J ' M 6n (T (7)) and 

M 6n (r (7)) = C(E^) n © C(^ 7 )"- 1 A 6 , ,7 © C(^ 7 )"- 1 (A 7 ) 2 © • • • © CA 6:0 ,7(A 7 ) 2( "- 1) 

© C(El 7 ) n © C« 7 )"- 1 A 6 , 1 , 7 © C(^ 6 7)"- 1 (A 7 ) 2 © • • • © CA 64 ,7(A 7 ) 2(, ^ 1) © C(A 7 ) 2n , 
M 6n+4 (r (7)) = E£ 7 (C(E^ 7 ) n © C( J B 6 °? 7 )"- 1 A 6 ,o,7 © C(^ 7 )"- 1 (A 7 ) 2 © • • • © C(A 7 ) 2 ") 

© £° 7 (©C(££ 7 ) n © C( J B 6 7 )"- 1 A 6 , 1J © C(^ 6 ° 7 )"- 1 (A 7 ) 2 © • • • © C(A 7 ) 2 ") © CA 4 , 7 (A 7 
Furthermore, we can write 

M fc (r (7)) = E k _ 3n/2 j'(C(A?r © C(A 7 °)"- 1 A° © • • • © C(A°)"), 
where n = dim(Af fc (F (7))) - 1 = [2k/3 - 2(fc/3 - |fe/3j)J and where E 0>7 ' := 1. 

Hauptmodul. We define the hauptmodul of To (7): 

(154) J 7 := A^/A? (= V 4 (z)/ V 4 (7z)) = - - 4 + 2q + 8q 2 - 5q 3 , 



2n 
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where Voo(Jt) = — 1 and v (Ji) = 1. Then, we have 
(155) 

J 7 : {\z + 1/7| = 1/7, -3/14 ^ iie(z) sC 0} [-2\/7 + 1/2, 0] C R, 

{|z + 3/7| = 1/7, -1/2 < i?e(z) sj -5/14} -> {-13/2 sj Re(z) < -2^7 + 1/2, < Im(z) < 3^/2}, 
{\z - 2/7| = 1/7, 3/14 Re(z) sC 5/14} -> {-13/2 < i?e(z) < -2\/7 + 1/2, -3\/3/2 < Im{z) < 0}. 
Thus, J7 does not take real value on some arcs of 9F7. 



Lower arcs of dFr 




Figure 24. Image by J 7 
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8. Level 8 

We have r (8)+ = r (8) + 8 = 1^(8) and T (8)- = r (8). 

We have W s = ( 2 %' 1/i ^ ) ), Wb-,2 := ( ~l and W 8 - A ■= ( "J ) , and we denote 

p 8 := -1/3 + i/(6\/2). We define 

A|°(«) := 77 4 (8z)/r? 2 (4z), A°(z) := ry 4 (z)/r, 2 (2z), 

(156) A 8 - 1/2 (z) := r ? 10 (2z)/( ?7 4 (z)r, 4 (4z)), A g - 1/4 (z) := ?7 10 (4z)/( ?7 4 (2z)ry 4 (8z)), 

A 8 (z) := A-(z)A0(z)A 8 - 1/2 (z)A 8 - 1/4 (z) = 7? 4 (2z),7 4 (4z), 

where Af, A°, A 8 1/2 , and A~ 1/4 are 2nd semimodular forms for To (8) of weight 1 such that Voo(Af) = 
vo(A®) = v_ 1 / 2 (Ag 1 ^ 2 ) — i>_ 1 / 4 (A g ~ 1 ^ 4 ) = 1, and Ag is a cusp form for To(8) and Fq(8) of weight 4. 
Furthermore, we define 

, E 2 , s '(z):=2E 2 {8z)-E 2 {4z), 
(157) 

E 2 s +8 '{z) := (8£ 2 (8z) - 4£ 2 (4z) - 2£ 2 (2z) + E 2 (z))/3, 
which arc modular forms for To(8) of weight 2, and we have v_x/ 8+i / 8 (E 2 ^') = v_3/ 8+i / 8 (E 2 . 8 ') = 1 and 

8.i. r (8) + 8 = r5(8). 

Fundamental domain. We have a fundamental domain for Tg(8) as follows: 

F 8+8 = {|z + 3/8| > 1/8, -1/2 < Re(z) < -l/4}\\\\z\ > 1/(2^2), -1/4 s= Re{z) < o} 

(158) f _ 

|J > 1/(2^2), < ite(z) sC 1/4] |J {> - 3/8] > 1/8, 1/4 < Re(z) < 1/2} . 

where W 8 : e l6 /(2V2) -> e i( - T ~^ / (2V2) and ( ~ 8 3 _ x 3 ) : (e ie + 3)/8 -> (e^" 9 ) - 3)/8. Then, we have 

(159) rs(8) = {(l\), w 8 , (ID). 



Figure 25. r*(8) 

Valence formula. The cusps of Tq(8) are oo and —1/2, and the elliptic points are i/(2y/2) and p 8 = 
— 1/4 + i/(5-\/6)- Let / be a modular function of weight k for rg(8), which is not identically zero. We 
have 

(160) Wao(/)+«- l /2(/) + ^ i/(3 ^)(/) + ^p,a)+ E "p(/) = |" 

per*(s)\H 

p^/(2 v / 2),p 8 

Furthermore, the stabilizer of the elliptic point i/(2>/2) (resp. p 8 ) is {±J, ±Ws} (resp. {±^, ± ( J'g "jj 1 ) Ws}). 

For the cusp oo. We have F^ = {± ( J ™ ) ; n£ Z}, and we have the Eisenstein series for the cusp oo 
associated with T|5(8): 
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For the cusp -1/2. We have T_ x / 2 = {± ( 4 "s^ _ 4 2 " + i) ; n e Z} and 7_x/ 2 = Wg-,4, and we have the 

Eisenstein series for the cusp —1/2 associated with 1^(8): 

(162) 

-i/2 ,^ ._ -(2 3fc / 2 £ fc (8z) - 2 fc / 2 (2 fc - 2 fc / 2 + l)£ fc (4z) - (2 fc - 2 k / 2 + l)£ fc (2z) + E k (z)) 

2 k / 2 (2 k - 1) 



We also have 7 zj /2 r^(8) 7 _ 1/a = r5(8). 
The space of modular forms. We define 



which are 2nd semimodular forms for Tq(8) of weight 2. 

Let k be an even integer k ^ 4. We have M fe (rj(8)) = C£^ 8+8 ®C£~g^ 2 8 ©S* fc (r*(8)) and S fc (r*(8)) 
A 8 M fc _ 4 (ra(8)). Then, we have M 4n+2 (r5(8)) = E 2 ^ +8 ' M 4n (r^(8)) and 

M 4 „(rS(8)) = C(E™ +S ) n © C(^ 8+8 )"- x A 8 © ••• © CE^As)"" 1 

© C(E%&) n © C^^r^Ag © ••• © C^I^Ag)"- 1 © C(A 8 )". 

Furthrcmore, we can write 

M 4 „(rS(8)) = C(A~ 8 ) 2 " © C(A£ s) 2 "-^-^ 2 © ••• © C(A 8 ^ 2 ) 2 ". 

Hauptmodul. We define the hauptmodul of Tq(8): 

(163) J 8+8 := A 8 ^ 2 /A^ 8 (= 7 ? - 8 (z)r / 8 (2z)r 7 8 (4z)r,- 8 (8z)) = - + 8 + 36q + 128q 2 + 386<? 3 + • ■ • , 
where v^^s+s) = —1 and v_ 1 / 2 (J&+&) = 1- Then, we have 

(164) J 8+8 : 5F 8+8 \{zei; Re(z) = ±1/2} -> [0, 12 + 8^2] C E. 



8.2. T (8). 

Fundamental domain. We have a fundamental domain for To(8) as follows: 

F 8 = {\z + 3/8] ^ 1/8, -1/2 Re(z) < -1/4} I \{\z + 1/8| ^ 1/8, -1/4 s; Re(z) sC 0} 

(165) w 

(J {\z - 1/8| > 1/8, < Re(z) sC 1/4} (J {|z - 3/8| > 1/8, 1/4 < Re(z) < 1/2} . 

where ("g 1 ° ± ) : (e l9 + l)/8-> (e^"") - l)/8 and (l 8 i 8 ) : (e j9 + 3)/8^ (e^- 6 ) - 3)/8. 

(166) r (8) = <-I, (J}), Hi), (ID). 




Figure 26. r (8) 

Valence formula. The cusps of To(8) are oo, 0, —1/2, and —1/4. Let / be a modular function of weight 
k for To (8), which is not identically zero. We have 

(167) v oo (f) + v (f) + v_ 1/2 (f) + v_ 1/4 (f)+ Yl Mf)=k- 

per (8)\H 
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For the cusp oo. We have = {± (J \ ) ; n € Z}, and we have the Eisenstein series for the cusp oo 
associated with r (8): 

(168) «&(.) :- H^|1^M forl >4. 

Note that we have £^ 8 (z) = ££° 2 (4;z). 

For the cusp 0. We have r = {± ( % n \ ) ; n € Z} and 70 = Ws, and we have the Eisenstein series for 
the cusp associated with r (8): 

o»> =- " ( ^gr.y ' ***>*■ 

Note that we have E° 4 (z) = 2- k E° 2 (z). We also have 70 1 r (8) 70 = r (8). 

For the cusp -1/2. We have T_y 2 = {± ( 4 -£n -4™+i) ; « e Z} and 7_i/ 2 = W 8 _ ;4 , and we have the 
Eisenstein series for the cusp —1/2 associated with r (8): 

a™) !£/■(,):. ig^ad|ga±w fort , 4 . 

Note that we have ^4 /2 (z) = 2- fe / 2 £ fe ;^ 2 4 (z). We also have r (8) 7_i/ 2 = r (8). 

For the cusp -1/4. We have F_ 1 / 4 = {± (i™^ _ 4 ^ + i) ; n E Z} and 7-1/4 = W 8 _ >2 , and wc have the 
Eisenstein series for the cusp —1/4 associated with To (8): 

(171) E^\z) .^-(^ Z )-{2^l)E k{ Az) + E k{ 2z)) ^ k>A 



Note that we have E k * /4 (z) = E k ^ A {2z). Wc also have 7"* T (8) 7_ 1/4 = T (8). 



2 k - 1 

1/4 



00 
fe,8 



The space of modular forms. Let k be an even integer k ^ 4. We have Mfe(ro(8)) = CEj 
C£°^®C£^ /2 ®C£^ /4 ®S fc (r (8)) and 5 fe (r (8)) = A 8 M fe _ 4 (r (8)). Then, we have M 4n+2 (r (8)) 
S 2i8 ; M 4 „(ro(8)) ® C£ 2 , 4 '(A 8 )" ® C£ 2 , 2 '(A 8 )" and 

M 4 „(r (8)) =c(E™) n e c^)"- 1 a 8 e ■ ■ ■ e c^Ag)™- 1 
e c(£2 >8 ) n ® c(^ i8 )"- 1 a 8 e ■ ■ ■ e ce£ 8 (A 8 ) n - 1 
e c(^ 8 1/2 )" ® c(^ 8 1/2 )"- 1 a 8 e ■ ■ ■ e cs 4 ; 8 1/2 (A 8 )"- 1 
® c(^ 8 1/4 ) n ® c(£7^ /4 ) n - 1 A 8 e ■ ■ ■ e c^-g/^Ag)™- 1 e c(A 8 ) n . 

Furthermore, we can write 

M 2n (r (8)) - C(A™) 2n ® C(A 8 X) ) 2 "- 1 A° e ■ ■ ■ 8 C(A°) 2 ". 

Hauptmodul. We define the hauptmodul of r (8): 

(172) J 8 := Ag/Ag* (= V 4 (z)r 1 - 2 (2z)r 1 2 (4z)r 1 - 4 (8z)) = 1 - 4 + 4<? + 2g 3 - 8g 5 - • • • , 
where Woo(^s) = — 1 and ^o(^s) = 1- Then, we have 

(173) J$ : d¥ s \{z eW; Re{z) = ±1/2} [-8,0] Ci 
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9. Level 9 

We have T (9)+ = r (9) + 9 = T* {9) and r (9)- = r (9). 

We have W 9 = (° ^J 3 ), W 9 -, 3 ■= _2 / 3 ), and LTg_,_3 := (3 ~1{ 3 ), and we define p 9 := -1/2 + 
i/6. We define 

A§°(z) := V 3 (9z)/r ] (3z) 7 A°(z) := r 7 3 (z)/ ?7 (3z), 

(174) A 9 - 1/3 (z) := V 3 (z + l/3)A7(3z), A* /3 (z) := r, 3 (z - 1/3)/t?(3z), 

A 9 (z) := A 9 c (z)Ag(z)Ag 1/3 (z)A^ /3 (z) = r/ 3 (8z), 

where Ag°, Ag, A~ 1/2 , and A~ 1/3 are 2nd semimodular forms for To (9) of weight 1 such that v 00 (A 9 x ) = 
vo(Ag) — u_ 1 / 3 (A g 1 ^ 3 ) = u 1 / 3 (Ag^ 3 ) = 1, and Ag is a cusp form for To(9) and Tq(9) of weight 4. 
Furthermore, we define 

E 2>Q '(z) := {3E 2 (9z) - E 2 (3z))/2, 

(175) £2,9+3' W := (3E 2 (3z) - E 2 (z + l/3))/2, 

£2,9+9'^) := (9^(9*) - 6E 2 (3z) + E 2 {z))/3, 

which are modular forms for To(9) of weight 2, and we have v_ 1 / 6+ ^ i / 1 g(E 2> g ) = 2, v 1 ^ + ^ i i Q (E 2t9+3 ) = 
2 and v i/3 {E 2 ^ 9+9 ) = v Pa (E 2t9+9 ') = 1. 

9.1. r (9) + 9 = rs(9). 

Fundamental domain. We have a fundamental domain for Tq(9) as follows: 

F 9+9 = {\z + 5/91 ^ 1/9, -1/2 ^ Re(z) < -1/3} I J {\z\ > 1/3, -1/3 < Re[z) < 0} 

(176) 

|J{|z| > 1/3, < Re(z) < l/3}|J{|z-5/9| > 1/9, 1/3 < iie(» < 1/2} . 
where W 9 : e w /3 -► e i(7r ~ e) /3 and ( ~ 4 ^ ) Wg : (e w + 3)/6 -> (e i(?r ~ e) - 3)/6. Then, we have 

(177) r* (9) = {(l{),w 9 , (ID). 



Figure 27. T* (9) 

Valence formula. The cusps of Tq(9) are 00 and —1/3, and the elliptic points are z/3 and p 9 = —1/2 + 
i/6. Let / be a modular function of weight k for Tq(9), which is not identically zero. We have 

(178) Voo (j) + v _ 1/3 (j) + l v . /3 (j) + l Vp9 (f) + «p(/) = | 

perS(9)\H 

Furthermore, the stabilizer of the elliptic point i/3 (resp. p 9 ) is {±7, ±Wg} (resp. {±/, ± (_ g 2 ) Wg}). 

For the cusp 00. We have Too = {± (J 1) ; 1 € Z}, and we have the Eisenstein series for the cusp 00 
associated with Tq(9): 

a™) J5W.) - tsm^mi^M tort>4 . 
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For the cusp -1/3. We have r_ x / 3 = {± ( 3 ™<^ n 1 -3^+1 ) ; n e Z] and 7_i/ 3 = W 9 -, 3 , and we have the 
Eisenstein series for the cusp —1/3 associated with Tq(9): 

(180) , -^M-»iW^)) fort>4 . 

We also have 7^,3 Io(9) 7_ 1/3 = 1^(9). 

The space of modular forms. We define 

aoo — A°°A A^ 1 / 3 — A~ li/3 A 1//3 

^9+9 - — ^9 ^9> ^9+9 •— ^9 ^9 i 

which are 2nd semimodular forms for 1^(9) of weight 2. 

Let k be an even integer k ^ 4. We have M fc (T*(9)) = CE£g +9 8 C^g^ 3 ©5^(1^(9)) and S fc (T*(9)) = 
A 9 M fc _ 4 (r5(9)). Then, we have M 4 „ +2 (r5(9)) = £ 2 , 9+9 'M 4n '(rS(9)) and 

M 4n (rS(9)) = CTO+g)" © C( J B 4 - 9+9 )"- 1 A 9 © • • • © C^g+gA^ 1 

© C(£^/ 3 9 ) n © C^^r^Afl © • • • © C^-g/'Ag 1 " 1 © C(A 9 )". 
Furthermore, we can write 

M 4n (T*(9)) = C(A- 9 ) 2 " © C(A 9 +9 ) 2 - 1 Ag^ 3 © • • • © C(Ag^ 3 ) 2 ". 

Hauptmodul. We define the hauptmodul of Tq(9): 

(181) J 9+9 := Ag^ 3 /Ag% 9 (= 77 12 (3z) I (r? 6 (z) rf (9z) ) ) = ~ + 6 + 27g + 86</ 2 + 243</ 3 + • • • , 
where Woo(Jg+g) = —1 and w_!/ 3 (Jg + g) = 1. Then, we have 

(182) J 9+ g :aF 9+9 \{zeI; Re(z) = ±1/2} -> [9 - 6\/3, 9 + 6^3] Cl 
9.2. T (9). 

Fundamental domain. We have a fundamental domain for To(9) as follows: 

F 9 = {\z + 4/9| ^ 1/9, -1/2 < i?e( 2 ) < -1/3} \J{\z + 2/9| > 1/9, -1/3 < Re(z) < -1/6} 

(183) (J {|z + 1/9| > 1/9, -1/6 sC i?e( 2 ) sC 0} \J {\z - 1/9] > 1/9, < Re(z) < 1/6} 

[j{\z- 2/9| > 1/9, 1/6 sC Re(z) sC 1/3} \J {\z - 4/9| > 1/9, 1/3 < i?e( 2 ) < 1/2} . 

where ("g 1 \) : {e w + l)/9 -» (e^~ e ) - l)/9, ( - g 4 " 2 X ) : (e l9 - 2)/9 -> (e^- 9 ) - 4)/9, and ( 2 :J) : 
(e l9 + 4)/9^ (e 1 ^- 9 ' + 2)/9. 

(184) r (9) = (-J, (Jl), (g°), 













' — 



Figure 28. r (9) 

Valence formula. The cusps of To(9) are oo, 0, —1/3, and 1/3. Let / be a modular function of weight 
k for To (9), which is not identically zero. We have 

(185) V 00 (f)+V (f)+V_y 3 (f)+V 1/3 (f)+ £ V p (f) = k. 

P er (9)\H 
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For the cusp oo. We have = {± (J \ ) ; n € Z}, and we have the Eisenstein series for the cusp oo 
associated with r (9): 

(186) ESM :- W forl >4. 
Note that we have £^ 9 (z) = ££° 3 (3;z). 

For the cusp 0. We have r = {± ( 9 \ 5 ) ; n & Z} and 70 = W9, and we have the Eisenstein series for 
the cusp associated with r (9): 

(187) EUz) := for k> 4 . 
Note that we have E% 9 (z) = 3~ k/2 El 3 {z). We also have 7^ T (9) 70 = r (9). 

For the cusp -1/3. We have r_ 1/3 = {± ( 3 "^ -3^+1) ; n e Z} and 7_ 1/3 = W 9 _ >3 , and we have the 
Eisenstein series for the cusp —1/3 associated with r (9): 

(1 88 ) E ^ (z) , = -m^-E t ( Z+ i m !mk>i 

Note that we have E~^ /3 (z) = 3~ k / 2 E^ 3 (z + 1/3). We also have jZl /3 T (9) 7_i/ 3 = T (9). 

For the cusp 1/3. We have T 1/3 = {± (^g^ 1 3^+1) ; n e Z} and 7 1/3 = W9--3, and we have the 
Eisenstein series for the cusp 1/3 associated with r (9): 

(189) -'^y-'/"' for ^4. 

Note that we have E^iz) = 3- k / 2 E% >3 (z - 1/3). We also have 7^3 T (9) 71/3 = r (9). 



The space of modular forms. Let k be an even integer k ^ 4. We have Mfc(r (9)) = CEjjj° 9 
CS0 9 ®C^ /3 ®C^ 9 3 ®5 fc (ro(9)) andS fe (r (9)) = A 9 M fc _ 4 (r (9)). Then, we have M 4n+2 (r (9)) = 
£ 2i9 ; M 4 „(r (9)) ® CE 2 . 3 \A 9 ) n ® C^ 2 , 9+3 '(A 9 )" and 

M 4n (r (9)) =C(E? 9 ) n ffi C(^ 4 °° 9 )"- 1 A 9 ffi • • • ® C^Ag)™" 1 



C(E° i9 ) n 8 C{El 9)^-^9 e • • • © C£# 9 (A 



© C(^ 9 1/3 ) n © C(^ 9 1/3 )"- 1 A 9 ffi • • • ffi C^- 9 1/3 (A 9 ) 
ffi C(£ 4 V 9 3 )" ffi C(^ ; / 9 3 )"- 1 A 9 ffi • • • ffi Ci^Ag)"- 1 © C(A 9 ) n , 
Furthermore, we can write 

M 2n (r (9)) - C(A™) 2n ffi C(A 9 X) ) 2 "- 1 A° ffi • • • ffi C(A°) 2 ™. 

Hauptmodul. We define the hauptmodul of r (9): 

(190) J 9 := Ag/A^ (= r 1 3 (z)/r 1 3 (9z)) = 1 - 3 + 5<? 2 - 7g 5 + 3q 8 + ■ ■ • , 

where Uoo(J 9 ) = — 1 and vo(J 9 ) = 1- Then, we have 

J 9 : {\z + 1/9| = 1/9, -1/6 i?e(z) sC 0} -3 + [0, 3] C R, 

(191) {\z + 4/9| = 1/9, -1/2 < Re(z) s? -1/3} -3 + e 2 ™ /3 [0, 3], 

{> - 2/9| = 1/9, 1/6 iie(z) < 1/3} -> -3 + e~ 2W3 [0, 3]. 
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Lower arcs of <9Fg 

Figure 29. Image by J 9 
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10. Level 10 



We have r (10)+, r (10) + 10 = rg(10), r (10) + 5, r (10) + 2, and r (io)- = r (io). 

We have W w = (^f), W w , := (^vf ), and W w , 5 := ( ^" 3 jf ), and we denote 

pio.i := -3/10 + i/10, pio,a := -1/2 + i/(2 % /5), p 10 , 3 := -1/7 + i/(7y/W), p w , 4 := -1/6 + i/(6V5), and 
Pio,5 := 3/10 + i/10. We define 



Afg(z) := v / 7 y (z)r,- 2 (2z)r,-5(5z)r; 10 (10z), A° (z) := ^7 ? 10 (z)r 7 -5(2z)? 7 - 2 (5 2 )r ? (10z), 

(192) Ai 1/2 (z) := (2)7710 (2z)?y(5z)?7- 2 (10z), A^ 1/5 (z) := ^r^z)^)^^)^^), 
A 10 (z) := Aro(z)A? (z)A7 1/5 (z)A- 1/2 (z) = ^(2)^)^(5^(10^), 

where AJ^j, Aj , A^ 1/ ' 2 , and A^q 1 ^ 5 are 6th semimodular forms for To(10) of weight 2/3 such that 

v co (A^ ) ) = t>o(A5o) = v_i/2(A7 1 ^ 2 ) = v_ 1 / 5 (A^^ 5 ) — 1, and A10 is a 3rd semimodular form for r (10) 
of weight 8/3. Furthermore, we define 

E 2A0+W '(z) := (lttE^lOz) - 5E 2 (5z) - 2£ 2 (2z) + E 2 {z))/A, 

(193) ^.lo+e'O?) := (10£ 2 (10z) - 5E 2 (5z) + 2E 2 (2z) - E 2 {z))/6, 
E 2 , w+2 {z) := (10£ 2 (10z) + 5£ 2 (5z) - 2£ 2 (2z) - £ 2 (*))/12, 

which are modular forms for To(10) of weight 2, and we have v i/^/\o{.E 2t 10+10') = Vp 10 x (£2,10+10 ) = 
^10,3(^2,10+10') = 1, ^10,1(^2,10+5') = 1^10,2(^2,10+5') = ^10,4(^2,10+5') = 1, and v pl0A (£2,10+2 ) = 
U (fio 5 (£2,10+2 ) = 3. In addition, we define 



£2/3,10' : — y £-2,10+2', £-8/3,10' : — £2,10+lo'£2,10+5'/(-E-2/3,lo') 2 : 

which are 3rd semimodular forms for To(10) of weight 2/3 and 8/3, respectively. We also have v Pl0 1 (£2/3,10') 
w pio,5 (£2/3,10') = 3 and v i/ ^(E 8/3A0 ') = v pi0 2 (£ 8 / 3 ,io ) = v Pl0 3 (£ 8 /3,io') = v P ioa (£s/3,io') = 1- 

Furthermore, J]Li A io> £2/3,10'^^ A$ , and £ 2 / 3 ,io'(£s/3.io') 2 are modular form for r (10) for € 
{oo,0,-l/2,-l/5}. 

10.1. r (io)+. 

We have 

r (io)+ = r (io) + 2, 5, 10 = r (io) u r (io)VF 10 , 2 u r (io)T^ 10 , 5 u r (io)Wi . 

Fundamental domain. We have a fundamental domain for ro(10)+ as follows: 

Fio+ = \\z + 1/2| ^ 1/(2a/5), -1/2 sj Re(z) < -3/lo) I J (|z| > 1/VlO, -3/10 < fle(z) < o} 

(194) 1 _ 

(J j|z| > l/v 7 !!), < Re(z) < 3/10} (J ||z - 1/2 1 > 1/(2^5), 3/10 < Re(z) < 1/2} , 

where, W w : e l6 /VlO -> e^-^/VlO and ( ^ jf) Wio.s : e w /(2V§) + l/2 -» e^" 9 )/^^) - 1/2. Then, 
we have 

(195) r (10)+ = <(Si), W 10) Wio )5 ). 




Figure 30. r (10)+ 



44 



Zeros of modular functions for the normalizers of congruence subgroups 



Valence formula. The cusp of ro(10)+ is oo, and the elliptic points are i/vlO, pio,i = —3/10 + i/10, 
and pio,2 = —l/2+i/(2-\/E). Let / be a modular function of weight k for ro(10)+, which is not identically 
zero. We have 

111 Ql. 

(196) Uoo (/) + _ w . /7I5 (/) + _ Voii (/) + _ w (/)+ «p(/) = y 

per (io)+\H 

p=£i/\/W, pio.i, Pio,2 

Furthermore, the stabilizer of the elliptic point z/\/l0 (resp. j0io,i, Pw.2) is {±I,±Wio} 
(resp. {±1, ± ( 7 3 - 1 ) , ±W 10 ,2,± ( To 3 I 1 ) Wwj}, {±1, ±W 10 , 5 }) ' 

For the cusp 00. We have = {± ( J ™ ) ; n £ Z}, and we have the Eisenstein series associated with 

r (io)+: 

,, Q ~ P r ,x 10 fc / 2 £ fc (10z) + 5 k / 2 E k (5z) + 2 fc / 2 ff fc (2z) + E k (z) 

The space of modular forms. Let k be an even integer k ^ 4. We have Affc(Fo(10)+) = CE ky iQ+ ® 
S fc (r (10)+) and 5 fe (r (10)+) = (C( J E 2/3 ,i ') 8 A 10 eC(i; 2/3 , 10 ') 4 (A 1 o) 2 eC(A 10 ) 3 )M fc _ 8 (ro(10)+). Then, 
we have 

M fc (r (10)+) - % ilo+ '(C((£ 2/3 ,io') 4 ) n © C((^ 2/340 ') 4 )"" 1 A 10 © • • • © C(A 10 )"), 

where n - dirn(M fc (r (10)+)) - 1 = L3fc/8-2(fc/4- Lfc/4J)J, aiid where % jl0+ ' := 1, {E 2/3A0 ') 3 E a/3 , w ' , 
(£^2/3,10 ) ) an d £ , 2/3,io'-E'8/3,io'! when k = 0, 2, 4, and 6 (mod 8), respectively. 

Hauptmodul. We define the hauptmodul of ro(10)+: 

(198) J 10+ := (£ 2Al0 ') 4 /A 10 = - + 4 + 22q + 56g 2 + 177g 3 + • • • , 

q 

where Uoo(-Ao+) = —1 an< 4 v pi 1(^10+) — 4. Then, we have 

(199) J w+ : d¥ w+ \{zei; Re{z) = ±1/2} -> [-4, 16] C M. 



10.2. r (io) + 10 = r^(io). 

Fundamental domain. We have a fundamental domain for Fq(10) as follows: 

Fio+io ={|-z + 9/20] ^ 1/20, -1/2 ^ Re(z) < -3/7} ||z + 1/3] > l/(3VlO), -3/7 < Re{z) < -3/lo| 

(200) [J ||z| > l/v 7 !!), -3/10 < Re(z) sj o} |J j|z| > 1/VlO, < ite(z) < 3/10 j 

1/3| > l/(3\/T0), 3/10 < fle(z) < 3/7 j \J {\z - 9/20 > 1/20, 3/7 < iJe(z) < 1/2} , 

where W w : e i6 /VlO -> e^-^/VW, (1^3) W 10 : e*7(3\/l0) + 1/3 -» e^-^/^VlQ) - 1/3, and 
( 20 -9) : ( e ' W + 5 )/ 12 -* (e l(7T ~ 9) - 5)/12. Then, we have 

(201) Io(10) = ((5i), W W , (y 3 - 1 ), dot))- 




Figure 31. rg(10) 
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Valence formula. The cusps of Fg(10) are oo and —1/2, and the elliptic points are z/vTO and ,010,5 = 
—3/7 + i/(5\/l0). Let / be a modular function of weight k for Tq(10), which is not identically zero. We 
have 

111 3Jr 

(202) M/) + o-i/ 2 (/) + 2*VvTo(/) + 2^10.1 (/) + + E ^ t- 

P er*(io)\H 

p#i/\/l0,pio,i,pio,3 



Furthermore, the stabilizer of the elliptic point i/vlO (rcsp. pioi, Pio 3) is {±7, ±Wio} (resp. 

{±^±(T0 3 -3 1 )} J {±^±(-3 1 3 - 3 7 )^10}). 

For the cusp 00. We have = {± (J ") ; n e Z}, and we have the Eisenstein series for the cusp 00 

associated with T^IO): 

(203) 

, v (10 fe / 2 + l)(10 fe / 2 i? fe (10z) + ^(z))-(5 fe / 2 + 2 fc / 2 )(5 fe / 2 i? fc (5z) + 2 fe / 2 J B fc (2z)) ; ^ ^ 
^k.io+ioW : = (5* - 1)(2* - 1) for/c^4. 

For the cusp -1/2. We have r_ 1/2 = {± ( l -20n -i0n+i ) > 71 e ^} an< ^ 7-1/2 = Wio,5) and we have the 

Eisenstein series for the cusp —1/2 associated with Tq(10): 

(204) 

p-i/2 , , _ _( 5 fc/2 + 2 fc / 2 )(10 fc / 2 £ fc (10^) + £ fc (z)) + (10 fc / 2 + l)(5 fc / 2 £ fc (5z) + 2 fc / 2 g fc (2z)) 
^fe,io+iol z ) : - ( 5 fc _ 1 )( 2 fe _ 1) torfc^4. 

We also have ^z\ /2 V* Q {1Q) 7 _ 1/2 = rg(10). 

The space of modular forms. We define 

A°° — A 00 A A -1 / 2 — A -1 / 2 A~ 1//5 
^10+10 •— ^10^10' ^10+10 - — ^10 ^10 ! 

which are 2nd semimodular forms for rj(10) of weight 2. Furthermore, we define 

A 8 , 1,10+10 := A^ +10 (A 10 ^ 2 ) 5 , A 8i 2 , 10+10 := (A^ +10 ) 5 A 10 ^ , 

A 8 ,3, 10+10 := (A^ +10 ) 2 (A 10 1 / 2 ) 4 , A 8A i +io := (A^ +10 ) 4 (A 10 ^ 2 ) 2 . 

Now, we have 

M fc (r*(io)) = ce% w+w e ce-% 2 +w © s fc (rs(io)), 

S fc (rS(10)) = (CAg.i.io+io © CA 8 , 2 ,i 0+ io © CA 8;3 ,io+io © CA 8A io+io © C(A 10 ) 3 )M fc _ 8 (r*(10)) 
for every even integer k ^ 4. Then, we have M 4n+2 (r5(10)) = E 2 ,io+w' M^T^IO)) and 

^8n(r5(10)) = C(£^ 10+10 )™ © C(i? 8 X) 10+10 )" _1 A 8 4 ! io+io © C(i? 8 ^ 10+10 ) ri_1 A 8 ,3 ! io+io 

8 C(^ 10+10 )"- 1 (A 10 ) 3 © • • • © CA 8 , 3 ,io+io(Aio) 3( "- 1) 
© c (^8,io+io)™ © c (^ 8 io+io)"~ lA 8, 240+10 © C(£; 8!l 1 ^ 10 )" _1 A 8! 4 40 +io 

© C( J B 8 ; i 1 / J ; 10 )"- 1 (A 1 o) 3 © • • • © CA 8A io+io(Ai ) 3(ri - 1) © C(A 10 ) 3 ", 

-^8n+4(ro(10)) = E%° w+W (C{E^ W+W ) n © C(i?g° 10+10 )™ _ A 8 ,i, 10+10 © C(i? 8 X> 10+10 )™ _ As^io+10 

© C(^ 10+10 )"- 1 (A 10 ) 3 © • • • © CA 8 , 3 ,io+io(Aio) 3( "- 1) © C(A 10 ) 3 ") 

© S 4,10+4o( C (^8,10+lo)™ © C (^8,10+lo)" _lA 8,2,10+10 © C(S 8il o+lo)" _1 A 8, 4,10+10 

© C(E 8 ; i 1 / ^ 10 )"- 1 (A 1 o) 3 © • • • © CA 8 , 4 ,io+io(Aio) 3(n - 1) © C(A 10 ) 3 ") 
© (CAfS +10 (A^? ) 2 © C(Ar o+10 ) 2 Ar o 1 + / io)(Aio) 3 ". 
Furthremore, we can write 

M 4 „(r o (10)) = C(Ar 0+10 ) 3n © C(Ar 0+10 ) 3 "- 1 A- 1 + /2 © • • • © C(A- %) 3n . 
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Hauptmodul. Wc define the hauptmodul of 1^(10): 

(205) J 10+10 := A^?o/ A io+io (= r ) - 6 {z)r l e {2z)r]- 6 (5z)r l e (10z)) = - + 6 + 21g + 62g 2 + 162^ + • • • , 

where «oo(^io+io) = — 1 and u_ 1/2(^10+10) = 1- Then, we have 

(206) Ji 0+ io : <9F 10+ i \ {z e H ; Re(z) = ±1/2} -> [0, 9 + iVE] C K. 

10.3. r Q (io) + 5. 

Fundamental domain. We have a fundamental domain for To(10) + 5 as follows: 
(207) 

F10+5 ={\z+ 1/2] > 1/(2^5), -1/2 < Re(z) < -3/loj [j{\z + 1/4| ^ 1/(4^), -3/10 sC i?e(z) < -1/6} 
[J {|z + 1/10] ^ 1/10, -1/6 sC ite(z) sC 0} [J {> - 1/10| > 1/10, < Re[z) < 1/6} 
y ||z - 1/4| > 1/(4-^5), 1/6 < Re(z) < 3/loj U {|* - 1/2| > 1/(2-^5), 3/10 < Re(z) < 1/2 } , 

where (l^) : (e* + 1)/10 - (e^"') - 1)/10, ( ^ 7 7 4 ) ffio.S : e"/(4V5) + 1/4 -> e l ^/(AVZ) - 1/4, 
and (20 11 ) Wio,5 : e l 7(2\/5) + 1/2 -> e'^V^VB) - 1/2. Then, we have 

(208) r (10) + 5 = (( J } ) , W 10<5 , ( 1 1 ?) , ( To 3 Y )) • 



Figure 32. r (10) + 5 

Valence formula. The cusps of To(10) + 5 are 00 and 0, and the elliptic points are pio.i = — 3/10 + i/10, 
/3io,2 = —1/2 + i/(2v / 5), and pio,4 — —1/6 + i/(6v / 5). Let / be a modular function of weight k for 
ro(10) + 5, which is not identically zero. We have 



(209) vUf)+Mf) + \v Pl0 ^f) + \v PUh2 {f) + \v Pl0A (f)+ E Mf) = 



3k 

per (io)+5\H 

P^P10,1,P10,2,P10,4 



Furthermore, the stabilizer of the elliptic point pio,i (resp. pio,2, pio,4) is {±J, ± ( 1( j g 1 )} (resp. 

{±/,±lFi , 5 }, {±/,±(20 3 l3 2 )^5}). ' ' 



For the cusp 00. We have Too = {± (J 1) ; n € Z}, and we have the Eisenstein series for the cusp 00 
associated with r (10) + 5: 

2 k 5 k / 2 E k (10z) -5 fc / 2 £ fc (5z) + 2 fc £ fc (2z) - £ fe (z) 
(5 fc / 2 + l)(2 fe - 1) 



(210) E£ 10+B (z) := - " ^^T^, f^2^_^Z_^^ forfc ^ 4 . 



For the cusp 0. We have r = {± ( 10 „ ° ) ; n £ Z} and 70 = VJ^ioj and we have the Eisenstein series for 
the cusp associated with To(10) + 5: 

(211) E« . -2^(5 fc / 2 £ fc (10z) - 5^E k (5z) + E k (2z) - E k {z)) 

We also have 7^ (r (10) + 5) 70 = r (10) + 5. 
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The space of modular forms. We define 

A°° — A^A -1 / 2 A — A A -1 / 5 
^10+5 ^10^10 ' ^10+5 - — ^10^10 ' 

which are 2nd semimodular forms for ro(10) + 5 of weight 2. Furthermore, we define 

A 8 ,i,io+5 := A^ +5 (A5 0+5 ) 5 , A 8! 2,io+5 := (Ak5 +5 ) A 10+5 , 

A 8 ,3,io+5 := (A^ +5 ) 2 (A" 0+5 ) 4 , A 8;4i i 0+ 5 := (A^ +5 ) 4 (A5 0+5 ) 2 . 

Now, we have 

M fc (r (io) + 5) = ce% 10+6 © ceI w+5 © s fc (r (io) + 5), 

S fc (T (10) + 5) = (CA 8 ,i,io+6 © CA 8 , 2il0 + 5 © CA 8 , 3 ,io+ 5 © CA 8 , 4 ,io+6 © C(A 10 ) 3 )M fe _ 8 (r (10) + 5) 
for every even integer k ^ 4. Then, we have M 4 „ + 2(ro(10) + 5) = £?2,io+5'M4n(To(10) + 5) and 
M 8n (T (10) + 5) = C(£ 8 ~ 10+5 )" C^o+s)"- 1 A 8i1 ,io+b © C^^)"" 1 A 8 , 3 ,io +5 

e c(^ 8 co 10+5 )"- 1 (A 10 ) 3 e • • • © ca 8 ,3,io+5(a 10 ) 3( "- 1) 

© C ( E 8,W+5) n © C(S 8 1 il0+5 )™ _1 A 8i 2,10+5 © C(-B 8 1 10+5 )™ _1 A 8 , 4,10+5 

CiEl^r-^Awf 8 • • • © CA 8 , 4 ,io+5(A 10 ) 3( ^ 1) © C(A 10 ) 3 ", 
M 8n+4 (r (10) + 5) = E£ 10+5 (C(E£ 10+5 r © C(^ 1 o +B ) n - 1 A 8 , lil o+6 © C(^ 10+5 )"- 1 A 8i 3,io+5 

8 C(S 8 co 10+5 )"- 1 (A 10 ) 3 8 • • • © CA 8 , 3 ,io+5(A 10 ) 3( "- 1) © C(A 10 ) 3 ") 
© ^4, 10+5 (CC-Eg, 10+5)" © C(-E 8ao+5 ) n_1 A 8i 2,io+5 © C(£^ 8ao+ 5) n_1 A 8i 4 a o+5 

C( J B 8 ° 10+5 )"- 1 (A 10 ) 3 8 • • • © CA 8 , 4 ,io+5(A 10 ) 3( "- 1) © C(A 10 ) 3 ") 
© (CA~ +5 (A? 0+5 ) 2 © C(A- +5 ) 2 A? 0+5 )(A 10 ) 3 ". 

Furthremore, we can write 

M 4 „(r (10) + 5) = C(A- +5 ) 3n © CiA^f^A ^ © ••• © C(A? 0+5 ) 3n . 

Hauptmodul. We define the hauptmodul of r (10) + 5: 

(212) J 10+5 := A? 0+5 /A^ +5 (= V 4 (z)r,- 4 (2z)r 1 4 (5z)r,- 4 (10z)) = ±-4 + 6q-8q 2 + I7q 3 
where ^(Jio+s) = — 1 an d ^0(^10+5) = 1- Then, we have 

(213) J10+5 : d¥ w+5 \ {z e H ; Re(z) = ±1/2} -» [-6 - 2\/5, 0] C M. 



10.4. r (10) + 2. 

Fundamental domain. We have a fundamental domain for r (10) + 2 as follows: 
(214) 

Fio+2 = {|z + 2/5| ^ l/(5\/2), -1/2 ^ iie(z) sj -3/loj |J ||z + 1/5| > 1/(5^), -3/10 < Re(z) < -l/ioj 
(J {> + 1/10| ^ 1/10, ^ Re(z) < 0} |J {|z - 1/10| > 1/10, < fle(z) < 1/10} 
\){\z- 1/5| 1/(5^/2), 1/10 < i?e( 2 ) ^ 3/10} |J ||z - 2/5| > 1/(5a/2), 3/10 < Re(z) < 1/2} , 

where ( 7} ^ ) : (e* e + 1)/10 - (e^- ) - 1)/10, ( 7 3 ^ ) W 10 ,6 : e*7(5\/2) - 1/5 - e^- e )/(5\/2) - 2/5, 
and ( 4 9 % ) T^io,5 : e w /(5>/2) + 2/5 -» e'^-'V^V^) + 1/5. Then, we have 

(215) r (10) + 2 = <(Ji), w w , 2 , (AS), ( 4 9 oi)>. 
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Valence formula. The cusps of ro(10) + 2 are oo and 0, and the elliptic points are pio,i = —3/10 +i/10 
and /9io,5 = 3/10 + i/10. Let / be a modular function of weight k for To(10) + 2, which is not identically 
zero. We have 

11 u 

(216) ««,(/) +«o(/) + -« Pl0il (/) + -i; wo> ,(/)+ v p(f) = ~- 

per (io)+2\H 

P#PlO,l,PlO,5 

Furthermore, the stabilizer of the elliptic point p w i (resp. pio 5) is {±1, ± ( 7q Is 1 ) > ^Wio 2, ± ( 7q "3 1 ) Wn 
(resp. {±7, ± ( a I J ) , ± ( 3 ) ^ 1Q)2 ( ± ( 4 9 q 2 } Wl02 ' j } _ 

For the cusp 00. We have — {± ( J ™ ) ; n £ Z}, and we have the Eisenstein series for the cusp 00 
associated with To (10) + 2: 

(217) E°° (z) 2k/2 $ kE ^ z ) + 5k W z ) - ^ k/2 E k (2z) - E k {z) 
^ksa+2( z ) — (5*= - l)(2 fc / 2 + 1) torfc^4. 

For the cusp 0. We have To = {± ( x q„ °) ; n S Z} and 70 = W10, and we have the Eisenstein series for 
the cusp associated with ro(10) + 2: 

, -5*/ 2 (2*/ 2 £ fc (10z) + E k (5z) - 2^E k (2z) - E k {z)) 

We also have % x (r (10) + 2) 7o = r (10) + 2. 
The space of modular forms. We define 

A°° — A^A" 1 / 5 A — A A^ 1 / 2 
^10+2 •— ^10^10 ' ^10+2 ■— ^10^10 > 

which arc 2nd scmimodular forms for To(10) + 2 of weight 2. Furthermore, we define 

As, 1,10+2 := A^ +2 (A5 0+2 ) J , A 8 , 2 ,io+2 := (A^ +2 ) 5 A5 0+2 , 

A 8 ,3,io+2 := (A^ +2 ) 2 (A ( j' 0+2 ) 4 , A 8 , 4 ,io+2 := (A^ +2 ) 4 (A" 0+2 ) 2 . 

Now, we have 

M fc (r (io) + 2) = ce^ 1()+2 © CE° kA0+2 © s fe (r„(io) + 2), 

5 fe (r (10) + 2) = (CAg.1,10+2 © CA 8 , 2 , 10 +2 © CA 8 , 3 ,io+2 © CA 8 , 4 ,i +2 © C(A 10 ) 3 )A/ fe _ 8 (r (10) + 2) 

for every even integer k ^ 4 Then, we have M 8n+2 (r (10) + 2) = E 2 ,io+2' Ms n (T (10) + 2) and 

M 8 „(r (10) + 2) - C(E™ 0+2 ) n © C^o+2)"- 1 A 8 , M0+2 © C(i? 8 oo 10+2 ) n - 1 A 8 , 3 , 10+2 

© C(i? 8 co 1 o+2)"' 1 (Aio) 3 © • • • © CA 8 ,3,io+ 2 (A 10 ) 3( "- 1) 

,10+2)" © ^(-^8,10+2)™ A 8 , 2 ,10+2 © C(i? 8;1 o + 2)" A 8 , 4,10+2 

© ^(K 10+2 )"- 1 (A 10 ) 3 © • • • © CA 8 ,4,io+ 2 (A 10 ) 3( "- 1) © C(A 10 ) 3n , 
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-^8n+4(r (10) + 2) — E™ 10+2 (C(Eg° 10+2 ) n © C(-E~ 10+2 ) n A 8) i ) io+2 © C(-E~ 10+2 ) n A 8j3i io + 2 

© C(^ 8 TO io +2 )"" 1 (Aio) 3 © • • • © CA 8 ,3,io+2(A 10 ) 3( ^ 1) 8 C(A 10 ) 3 ") 
© -^4,10+2(^(^8,10+2)™ © C(^ 10+2 ) n_1 A 8i2 ,io+2 © C(-Eg ao+2 ) n_1 A 8:4 ,io+2 

© c(£ 8 ° 10+2 )"- 1 (A 10 ) 3 e • • • e CA 8 , 4 ,io+ 2 (A 1 o) 3( "- 1) e c(A 10 ) 3 ") 

© (£ 2/3 ,io') 2 (C(A- +2 ) 2 C(A° 0+2 ) 2 CA 10 )(A 10 ) 3 ", 
M 8n+6 (T (10) + 2) = E^ w+2 (C(E^ w+2 ) n © C(£ 8 ^ 10+2 )™~ 1 A 8i i i i 0+2 © C(£~ 10+2 )™~ 1 A 8i3i io + 2 

© C(S 8 TO 10+2 )"" 1 (Aio) 3 © • • • © CA 8 , 3 ,io+2(A 10 ) 3( "- 1) ® C(A 10 ) 3 ") 
© ^6,10+2(^(^10+2)™ © C(i? 8ao+2 ) n_1 A 8i2: io + 2 © C(-Eg ao+2 ) n_1 A 8: 4,io+2 

© C(£ 8 ° 10+2 )"- 1 (A 10 ) 3 © • • • 8 CA 8 , 4 ,io+ 2 (A 1 o) 3( "- 1) © C(A 10 ) 3 ") 



© £ 2/3 , 10 '(C(A~ +2 ) 4 © C(A° 0+2 ) 4 © C(A- +2 ) 3 A° 



10+2 



© CA- +2 (A? 0+2 ) 3 © C(A 10 ) 2 )(A 10 ) 



3n 



Here, we define £'2/3,10+2' : = ^£2,10+2' where u pi0>1 (£2/3,10+2') = » P „, S (£2/3,10+2') = 1, and we can 
write 

M fc (r (10) + 2) = E- k w+2 '(C(A? Q+2 T © C(A- +2 )"- 1 A? 0+2 © • • • © C(A? 0+2 )"), 
wheren = dim(M fe (r (10) + 2))-l = [3k/4 - 2(3fc/8 - L3fc/8j)J,and where £fe ;10+2 ' := 1, (£ 2 /3,io+2') 3 , 

^2/3,10+2') 2 j an d £2/3,10+2 



(£2/3,io+2') 2 , and £2/3,10+2', when k = 0, 2, 4, and 6 (mod 8), respectively. 



Hauptmodul. We define the hauptmodul of r (10) + 2: 

(219) J 10+2 := A° 0+2 /A?§ + 2 (= 77 2 (z)7 ? 2 (2z)7 ? - 2 (5z)7 ? - 2 (10z)) = - - 2 - 3g + 6q 2 + 2q 3 - • • • , 

where v 00 (Jio+2) = — 1 and ^0(^10+2) = 1- Then, we have 

Jio+2 : {\z + 1/101 = 1/10, -1/10 < Re(z) sC 0} [-1, 0] C R, 

(220) {l 2 + 2/5| = l/(5\/2), -1/2 < iie(z) < -3/lo} {-3 i?e( 2 ) < -1, < Im{z) 4}, 

||« - 1/5| = l/(5\/2), 1/10 < Re(z) < 3/10} -> {-3 ^ Re(z) < -1, -4 < Im(z) sC 0}. 
Thus, J10+2 does not take real value on some arcs of dFio+2- 




Lower arcs of <9Fio+2 

Figure 34. Image by J10+2 



10.5. r (io). 

Fundamental domain. We have a fundamental domain for To(10) as follows: 

F10 ={|^ + 9/20 1/20, -1/2 Re(z) < -2/5} [j {\z + 3/10j ^ 1/10, -2/5 Re(z) sC -3/10} 

I \{\z + 3/101 > 1/10, -3/10 < Re(z) < -1/5} I \{\z + 1/10] ^ 1/10, -1/5 iie(z) s? 0} 
(221) w w 

|J {|2 - 1 / w \ > V10, < Re(z) < 1/5} (J {\z - 3/10j ^ 1/10, 1/5 < Re{z) 3/10} 

|J {\z - 3/10| > 1/10, 3/10 < Re(z) ^ 2/5} (J {|z - 9/20 > 1/20, 2/5 < i?e( 2 ) < 1/2} , 
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where \) : (e w + 1)/10 -> (e^- e ) - 1)/10, ( Y 3 - 1 ) : (e lf> - 3)/10 -> (e 2 ^ 9 ) - 3)/10, ( ? Z\) ■ 
(e 10 + 3)/10 -► (e*^ -9 ) + 3)/10, and ( _ 4 g ) : (e l9 + 9)/20 -> (e 2 ^"^ - 9)/20. Then, we have 

(222) r (10) = <(Si), (i?), do 3 "/), (^Ij), ( 2 9 f)). 




Figure 35. r (10) 



Valence formula. The cusps of ro(10) are oo, 0, —1/2, and —1/5. Let / be a modular function of 
weight k for ro(10), which is not identically zero. We have 



(223) Uoo(/) + ^(/)+«-i/ 2 (/)+«-i/5(/) + ^w(/) + ^W(/)+ E 



per (io)\H 

P^PlO.l ,PlO,5 



3fc 

Y' 



Furthermore, the stabilizer of the elliptic point pxo,i (resp. pio,s) is ^ ( io 3 1 ) } ( res P- {^-^ ^ 



10 



For the cusp oo. We have = {± (J " ) ;ng Z}, and we have the Eisenstein series for the cusp oo 
associated with r (10): 



(224) 



poo ,_ 10 fc ^(10z) - 5 k E k (5z) 2 k E k (2z) + £ fc (z) 
A fc,ioW- (5 fe -l)(2 fe -l) tor/c^4. 



For the cusp 0. We have To = {± ( t Q n 5) ; n £ Z} and 70 = W10, and we have the Eisenstein series for 
the cusp associated with r (10): 



(225) 



EU{z) := 10 fc/2 (^(10^)- ^ff-^(2^ + ^(^)) f;iv / ,, , 4 



(5 fe - l)(2 fe - 1) 



We also have 7^ r (10) 70 = r (10). 



For the cusp -1/2. We have r_ 1/2 = {± ( W 20n -lOn+l ) i n e Z } and 7-1/2 = Wio,5, and we have the 
Eisenstein series for the cusp —1/2 associated with rp(10): 



(226) 



1/2 -5 fc / 2 (2 fc E k {\Qz) - E k (5z) - 2 fc E k (2z) + E k {z)) 



(5 fe - l)(2 fe - 1) 



for k > 4. 



We also have 7-* r (10) 7_ 1/2 = r (10). 



For the cusp -1/5. We have r_ 1/5 = {± ( "^g^ 1 ) ; n € Z} and 7_i/ 5 = Wio,2, and we have the 

Eisenstein series for the cusp —1/5 associated with ro(10): 

(227) E -i/5 (z) . -2^(5 k E k (Wz)-5 k E k (5z)~E k (2z)+E k (z)) 
E k , W W (5 fc - 1)(2* - 1) 



We also have 7 ^ /B r (10) 7 _ 1/s = r (10). 
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The space of modular forms. We define 



^8,1,10 
^8,3,10 
^8,5,10 
A 8 ,7,10 



= (^ / 3, 1 o') 2 (A; ) 2 (Aro 1/2 ) 2 (Aro 1/5 ) 2 Aio, 

= (i; 2/ 3ao') 2 (Aro) 2 (A? ) 2 (A 1 - 1/5 ) 2 A 10 , 
= (A^A^A^ 5 ^) 2 , 



Ar o A^ (A^ J ) 2 (Aio) 2 , 
Now, we have 



A, 


,2,10 : = 


A, 


,4,10 : = 


A, 


,6,10 : = 


A, 


,8,10 : = 



(S 2/3 , 10 ') 2 (Ar ) 2 (A U) 1 / 2 ) 2 (A U) 1 /^ 2 
(S 2/ 3, 1 o') 2 (Aro) 2 (A; o ) 2 (A U) 1/2 ) 2 A 

2 A -l/2»-l/B 



Aio, 

10, 



= (A^A^A^A^) 2 
Ar A? (A 1 - 1/2 ) 2 (A 10 ) 2 . 



M fc (r (io)) = ce™ © ce° 10 © ce^ 2 © ce^ 5 © s fc (r (io)), 

5 fc (r (10)) = (CA8,i,io © CA 8 , 2 ,io © CA 8 , 3 ,io © CA 8 , 4 ,io © CA 8 , 5;10 

© CA 8;6 ,io © CA 8i7i10 © CA 8 , 8 , 10 © C(A 10 ) 3 )M fc _ 8 (r (10)) 

for every even integer k > 4. Then, we have M 8 „ +2 (r (10)) = £ 2 ao+2'M 8ll (ro(10))ffiC£ 2 ,i 0+ io'(Aio) 3rl © 
CS 240 +5'(Aio) 3 ", M 8 „ +6 (r (10)) = S 2 a 0+2 'M 8ri+4 (ro(10))©C(£; 2 , 1 o + io') 3 (Aio) 3n ffiC(£; 2 ,io + 5') 3 (Aio) 3 ", 
and 



M 8 „(r (10)) = C(£ 8 ~ 10 )" © C(£^ 10 ) n - 1 A 8>1 ,io © C(£^ 10 ) n - 1 A 8>B ,io 

© C(i? 8 co 10 )"- 1 (A 1 o) 3 © • • • © CA 8 , 5 , 10 (A 10 ) 3( "- 



i) 



© C(El 10 )" © C(El 10 )"- 1 A 8 , 2;10 © C(El 10 )"- 1 A 8 , 6;10 

© C(El 10 )"- 1 (A 10 ) 3 © • • • © CAg.e^olAio) 3 ^" 1 ) 

© C^ 2 )" © C(^ 1 1 /2 )"- 1 A 8 , 3 ,io © C(^ 1 1 /2 )"- 1 A 8 , 7 , 10 

© C(i? 8 ; i 1 /2 )"- 1 (A 1 o) 3 © • • • © CAg.y^olAio) 3 ^" 1 ) 



© C^ 5 )" © C(£ 8 ; i i / )"- 1 A 8 ,4 > io © C(E~ 



l/5x„-l 



-l/5x„-l 
10 J 1 



^8.8,10 



© C^^J^^Aio) 3 © • • • © CAg^^Aro) 3 ^- 1 ) © C(A 10 ) 3 ", 
io © C(E^ 10 ) n 1 A 8 ^ 5j io 
C( J B 8 co 1 o)"" 1 (Aio) 3 © • • • © CAs fitl0 (A 1Q ) 3 ^ © C(A 10 ) 3 ") 



M 8n+4 (r (10)) = 25|° 10 (C(25 8 °° 10 ) n © C( J B 8 °° 10 )"- 1 A 8 , 1;10 © CiE^r^A 



© El 10 (C(E° 8 , 10 )» © C(£§ ilo ) n - 1 A 8i2 , 1 o © C(£° io)"" 1 A, 



8,6.10 



■ C^or-^Axo) 3 . 



-1/2, 



-l/2x„_l 



•©CA 8 , 6 , 1 o(A 1 o) 3 ("- 1 )ffiC(A 10 ) 3 ") 
© ^-^(C^g-J/ 2 )" © C(S 8 - 1 1 / 2 ) n - 1 A 8i3 ,io © C( J B 8 ; i 1 /2 )"- 1 A 8 , 7;1 o 

© C( J B 8 ; i 1 /2 )"- 1 (A 1 o) 3 © • • • © CAg.y^olAio) 3 ^" 1 ) © C(A 10 ) 3 ") 
© E^ B (C(££$ 5 ) n © C( J B 8 ; i 1 /5 )"- 1 A 8 ,4,io © C(f? 8 -^ 6 ) n - 1 A 8 , 8> io 

© C(E-j[ t 5 y i - 1 (A ia ) 3 © • • • © CAs.s^olAio) 3 ^" 1 ) © C(A 10 ) 3 ") 
© (CAr A° © CA? A- 1/2 © CA- 1/2 A- 1/5 )(A 10 ) 3 " +1 . 



Furthermore, we can write 

M fc (r (10)) - % 10 '(C(Af ) n © CiAToT-'A 



10 



'C(ASf ) n ) 



where n = dim(M fe (r (10))) - 1 = L3fc/2 - 2(fc/4 - |fc/4j)J, and where E^ 1Q ' := 1 and #2/3,10+2', when 
k = and 2 (mod 4), respectively. 

Hauptmodul. Wc define the hauptmodul of r (10): 

(228) J 10 := A° /A^ (= 7 ? 3 (z)r ? - 1 (2z)r / (5z)7 ? - 3 (10z)) = J - 3 + q + 2q 2 + 2q 3 - ■ ■ • , 
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where Woo(^io) = — 1 an d Vo(Jio) = 1- Then, we have 

Jio : {\z + 1/10| = 1/10, -1/10 sj Re(z) sj 0} [-4, 0] C R, 

{> + 3/10| = 1/10, -2/5 < Re{z) < -3/10} -> {-4 ^ Re(z) < -3.8, Im(z) ^ 2}, 
{\z - 3/10| = 1/10, 1/5 < i?e(z) ^ 3/10} -> {-4 < i?e(z) < -3.8, -2 ^ 7m(z) 0}, 
{\z + 9/20 = 1/20, -1/2 ^ Re(z) < -2/5} -> [-5, -4] C R. 
Thus, Jio does not take real value on some arcs of 9Fiq. 




Lower arcs of <9Fio 



Figure 36. Image by J w 
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11. Level 11 



We have r (ll)+ = 11(11) and r (ll)- = r (ll), but r (ll) is of genus 1. 

We have W n = ( JL '^f 11 ) , and denote p n ,i := -1/2 + /(2/lT), pu,2 := -1/3 + /(3yll), and 
Pu,a ■= l/3 + /(3/LT). We define 



A 11 (^):=ASWA? 1 (z)=r ? 2 (^ 2 (ll^), 

where A^ and A n are 2nd semimodular forms for ro(ll) of weight 1 such that ^(AJf ) = uo(A n ) = 1, 
and An is a cusp form for ro(ll) and 2nd semimodular form for 1^(11) of weight 2. Furthermore, we 
define 

(231) E 2A1 '(z) := (ll£ 2 (llz) - E 2 {z))/10, 

which is a modular form for To (11) and 2nd semimodular form for 11(11) of weight 2. 

ii.i. rs(ii). 

Fundamental domain. We have a fundamental domain for Fq(II) as follows: 
(232) 

F u+ ={\z+ 1/2| ^ l/(2\/TT), -1/2 < Re(z) < -25/66} |J 1/3| > 1/(3 Vll), -25/66 < Re(z) < — 1/3^ 

(j{|z+l/3| > l/(3\/ll), -1/3 < Re{z) < -19/66} [J {\z\ 1/VlT, -19/66 < Re(z) < o} 
|J l|z| > 1/vTT, < Re(z) < 19/66} [J 1/3] > 1/(3/11), 19/66 s£ iie(z) < 1/3} 

[J ||z - 1/3| > 1/(3/0"), 1/3 < Re{z) «S 25/66} [J ||z - 1/2| > l/(2/TT), 25/66 < Re(z) < 1/2} . 

where W u : e i6 /VTT -* e^"")//]!, (j-f /) Wn : e ie /(2/IT) + l/2 -» e^- e /(2/lT)-l/2, ( _ 4 U "g 1 ) Wn 
e l 7(3/TT) - 1/3 e l ^-^/{3VTl) - 1/3, and (* J) Wn : e l /(3/TT) + 1/3 -> e 4 ( 7r - e )/(3/TT) + 1/3. 
Then, we have 

(233) rs(ii) = <(Si), Wu, (Al), (AD). 



Figure 37. r*(ll) 

Valence formula. The cusp of Tq(11) is 00, and the elliptic points are //IT, pn,i = — 1/2 + i/Tl/10, 
P11.2 = —1/3 + / (3 /IT), and £11,3 = 1/3 + / (3 /IT). Let / be a modular function of weight k for 11(11), 
which is not identically zero. We have 

(234) H»(/) + 5^/) + 5 V.i (/) + J + J V.W + E «*(/) = §• 

per*(ii)\H 

p^i/y/TT, pn,l, (311,2, Pll.3 

Furthermore, the stabilizer of the elliptic point //IT (resp. pu,i, pu,2, Pu,3) is {±7, ±Wn} 
(resp. {±7, ± ( _\ x / ) Wu}, {±1, ± ( _ 4 n / ) Wn} , {±7, ± ( * * ) Wn}) 
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For the cusp oo. We have = {± ( J ™ ) ; neZ}, and we have the Eisenstein series associated with 
I . 

am p i \ n k/2 E k (llz) + E k (z) 

(235) E k>11+ (z):= nfc/2 + 1 for fc > 4. 

The space of modular forms. We define the following functions: 

£4,11' := (-1525(£ 2 ,ii') 2 + 4320^,11' An + 2016(An) 2 + 3050^ n )/1525, 

where E%° n is the Eisenstein series of weight 4 for the cusp 00 for r (ll). Then, £? 4; ii' is a 2nd semimodu- 
lar form for 1^5(11) of weight 4 such that v l/ ^ TT (E 4 . 11 ') = v pil l (£4,11') = 2 (£4,11') = v pil 3 (-£4,11') = 
1. 

Let fc be an even integer fc > 4. We have M k (T*(ll)) = CE kM+ © ^(^(11)) and SfcT^ll)) = 
(CS 2 ,ii'An eC(Aii) 2 )M fe _ 4 (rS(H)). Then, we have 

M 4 „(rs(ii)) = c^.n') 2 " e c^ii') 2 "-^!! e • • • e c(A n ) 2 ", 
M 4 „ +6 (rS(ii)) - B 4 ,ii , (C(£b,n , ) 2n+1 © c^.nO^An e • • • e c(A n ) 2 " +1 ). 

Hauptmodul. We define the hauptmodul of 1^(11): 

1 22 

(236) J n + := ^2.ii'/Aii - - + -=- + 17q + 46q 2 + U6q 3 + ■■■ , 

q 5 

where v 00 (Jn + ) = —1. Then, we have 
(237) 

Jn+ : ||z| = 1/VTl, -19/66 < fle(z) < o| -> [22/5 - 2v / 5, 15.22750...] C R, 

||z + 1/3| = l/(3\/TT), -25/66 < i?e( 2 ) < -1/3} -> {22/5 - 2v^ < i?e( 2 ) -0.013750..., ^ Im(z) < 0.31397...}, 
||z - 1/3| = l/(3\/TT), 19/66 «S fle(«) < 1/3| -> {22/5 - 2\/5 sC i?e(z) -0.013750..., -0.31397... < Im{z) < 0} 

{\z + 1/2| = l/(2\/TI), -1/2 ^ fle(z) sC -25/66} -> [-8/5,22/5-2^5] C R. 
Thus, Jn + does not take real value on some arcs of <9Fn + . 



Lower arcs of <9Fn + 

FiGURE 38. Image by J 11+ 



11.2. r (ii). 

Fundamental domain. We have a fundamental domain for r (ll) as follows: 

Fn = {\z + 5/ll| > 1/11, -1/2 sC Re(z) < -9/22} \J{\z+ 4/ll| > 1/11, -9/22 < i?e(z) < -7/22} 
{|z + 3/ll| > 1/11, -7/22 < Re(z) -5/22} |J {|z + 2/11 > 1/11, -5/22 < Re(z) < -3/22} 

(238) (J {|z + 1/11| > 1/11, -3/22 < i?e(z) < 0} \J {\z - 1/llj > 1/11, < Re(z) < 3/22} 

(J {|z - 2/ll| ^ 1/11, 3/22 < Re(z) < 5/22} [J {|z - 3/ll| > 1/11, 5/22 < Re(z) < 7/22} 
(J {\z - 4/ll| > 1/11, 7/22 < Re(z) < 9/22} \J {\z - 5/ll| > 1/11, 9/22 ^ iie(z) < 1/2} . 
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where \) : (e if> + 1)/11 -> (e^- e ) - 1)/11, (76 : (e* e - 2)/ll -> (e 4 ^ 9 ) - 5)/ll, ( £ ij) 
(e l9 + 5)/ll^ (e l ^- e )+2)/ll, (_ 3 n : (e <e +4)/ll ^ (e^"*) - 3)/ll, and ( _ 4 U -g 1 ) : (e 4e + 3)/ll- 
( e i(7r-fl) _ 4)/n. Then, we have 

(239) r (ll) = <-/, (Ji), (31)). 



Figure 39. r (ll) 

Valence formula. The cusps of ro(ll) are oo and 0. Let / be a modular function of weight k for ro(ll), 
which is not identically zero. We have 

(240) v oo (f) + v (f)+ Yl v p(f) = k- 

P er (ii)\H 

For the cusp oo. We have — {± (J ™ ) ; n G Z}, and we have the Eisenstein series for the cusp oo 
associated with To (11): 

(241) JfrW := »'*Cy:>-*M for ^4. 

For the cusp 0. We have To = {± ( ^ 5 ) ; n. e Z} and 70 = Wn, and we have the Eisenstein series for 
the cusp associated with To (11): 

(242) tW' -"*T'r w 

We also have 7^ r (ll) 70 = r (ll). 
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12. Level 12 

We have r (12)+, r (12) + 12 = 175(12), r (12) + 4, r (12) + 3, and r (12)- = r (12). 
We have W 12 = {^~^), W l2 , 3 := (^'/f ), W lM := := (".'.»,), 

W W :- ( -J$* ) . := (^ "*/f ) , and H-„ + , 6 „(-*>> "^f> ) , and we denote 

Pi2,i := -1/4 + */(4V3), pi2,a := -2/7 + i/(14V5), and Pia.a := 1/4 + */(W3). We define 
(243) 

A i1W : = ^(2z)jr 2 (4z)*T 3 (6z)7? 6 (12z), A 2(z) := ^^{z)r,-^{2z)r,-^^z)r 1 {Qz), 

A i2 1/3 (z) ■= V^ 2 (^)^(2^)?? 6 (3^)r?- 3 (6z), A7 2 1/4 (z) := V^ 3 (2z)r7 6 (4z)r/(6z)77- 2 (12z), 

A7 2 1/2 (z) := y / V - e (z)r] 15 (2z)T] 2 (3z)T 1 - e (4z)T]- 5 (6z)r 1 2 (12z), 
A7 2 1/6 (z) := ^r ? 2 (z)r ? - 5 (2z)?7- 6 (3z)?7 2 (4z)r/ 15 (60)r7- 2 (12z), 

A 12 := A-A? 2 A7 2 1/3 A7 2 1/4 A7 2 1/2 A7 2 1/6 , A i 2 + :=A-A? 2 Ar 2 1/3 A7 2 1 / 4 (A7 2 1 / 2 ) 2 (A7 2 1 / 6 ) 2 , 

where AJ^, Aj 2 , A^ 1 ^ 3 , AT, 1 ' 4 , A^ 1 ^ 2 , and A^ 1 ^ 6 are 4th semimodular forms for ro(12) of weight 1 
such that «oo(Ar 2 ) = «o(A? 2 ) = V _ 1/3 (A7 2 1/3 ) = V _ 1/4 (A7 2 1/4 ) = «_ 1/2 (A- 1/2 ) = V _ 1/6 (A- 1/6 ) = 1. 
Furthermore, we define 

E 2 ,i2+ , (z) := (12£ 2 (12z) - 12£ 2 (6z) + 4E 2 (4z) + 3E 2 {3z) - 4E 2 {2z) + E 2 {z))/4, 

(244) E hl2+12 '(z) := ^-(12E 2 (l2z) - 18E 2 (6z) - 4£ 2 (4z) + 3E 2 (3z) + 6E 2 (2z) - E 2 (z))/2, 

E 1A2+3 '(z) := ^(3E 2 (6z)-E 2 (z))/2, 

where E 2: \ 2+ ' is a modular form of weight 2 and 12+12', £1,12+3' are 2nd semimodular forms of weight 
1 for r (12), and we have v l/{2 ^ ) (E 2 . 12+ / ) = v pl21 (E 2 . 12+ ') = v pl22 (E 2 . 12+ ') = v pl23 (E 2A2+ ') = 1, 

w i/(2v / 3)( £ '^ 12 + 12 ') = ^12,2(^1,12+12') = 1, and v pl2A (Ei il2 +3 ) = ^12,3(^1,12+3') = 1- 

12.1. r (i2)+. 

We have 

r (i2)+ = r (i2) + 3, 4, 12 = r (i2) u r (i2)Wi 2 , 3 u r (i2)w 12A u r (i2)Wi 2 , 

and r (12)+ - T V2 (r (6) + 3)T 1/2 . 

Fundamental domain. We have a fundamental domain for To (12)+ as follows: 

Fi 2+ = {\z + 1/3| ^ 1/6, -1/2 sC Re{z) < -1/4} I J \\z\ > 1/(2V3), -1/4 sC i?e( 2 ) < o} 

(245) , 

> 1/(2^3), < fle(z) < l/4||J{|z- 1/3| > 1/6, 1/4 < fle(z) < 1/2}, 

where W 12 : e i9 /{2^) ~> e l ^-^/{2^) and W 12A : e l9 /6 + 1/3 -> e^- e )/6 - 1/3. Then, we have 

(246) r (12)+=((ii), W 12 , W 12 ,4). 




Figure 40. r (12)+ 
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Valence formula. The cusps of r (12)+ arc oo and 0, and the elliptic points are i/(2y/3) and p\ 2i \ = 
— l/4 + i/(4v / 3)- Let / be a modular function of weight k for r (12)+, which is not identically zero. We 
have 

(247) «oo(/)+V-l/2(/) + ^ </( 2V3)(/) + ^W(/)+ E «p(/) = |- 

P er (i2)+\H 

p#i/(2 v / 3),pi2,i 

Furthermore, the stabilizer of the elliptic point z/(2\/3) (rcsp. pi2,i) is {±7, ±Wi2} (resp. {±7, ±Wi2,3})- 

For the cusp 00. We have = {± (J ") ;n€ Z}, and we have the Eisenstein series for the cusp 00 
associated with r (12)+ of weight k > 4: 

,„, fl . poo , v 2 k Z k ' 2 E k {l2z) - 2 3 fc / 2 ff fc (6z) + 2 k E k (Az) + 3 fc / 2 £ fc (3z) - 2E k {2z) + E k (z) 

(248) £ fc , 12+ (*) := _ 7 ____ . 

For the cusp -1/2. We have r_ 1/2 = |± (^ 3 ™+ n 1 J^+J ; n e z| and 7 _ 1/2 = W 12+i6 , and we have 
the Eisenstein series for the cusp —1/2 associated with r (12)+ of weight k > 4: 

(249) i^+Cz) := 

-2 2 fe / 2 (2 fe 3 fe / 2 J B fc (120) - 3 fc / 2 (2 fc + l)E k (6z) + 2 k E k (Az) + 3 k / 2 E k (3z) - (2 fe + l).E fe (2z) + E k {z)) 

(3 fe / 2 + l)(2 fe - 1) ' 

We also have 7~J /2 r (12) + 7_ 1/2 = r (12)+. 

The space of modular forms. We define 

A? 2+ := A-A? 2 Ar 2 1/3 Ar 2 1/4 , ^ ■= (A^ 2 ) 2 ^ 6 ) 2 , 
which are 2nd semimodular forms for To(12)+ of weight 2. 

Now, wehaveM fc (r (12)+) = CT^^C/^ 2 ©S fe (r (12)+) and S fc (r (12)+) - A 12+ M fe _ 4 (r (12)+) 
for every even integer k ^ 4. Then, we have M 4 „ +2 (r (12)+) = £ 2; i 2+ 'M 4 „(r (12)+) and 

M 4 „(r (12)+) = C(E™ 2+ ) n © c(£ 4 to 12+ )"- 1 a 12+ © • • • © C£ 4 TO 12+ (A 12+ )"- 1 

© C(E;}i 2 + ) n © C(££ 1 1 £) n - 1 A 12+ © • • • © C^ 1 1 ^(Ai 2+ )"- 1 © C(A 12+ ) n . 
Furthremore, we can write 

M 4 „(r (12)+) = C(Ar 2+ ) 2 " © C(A- + ) 2 "- 1 A7 2 1 / 2 © • • • © C(A 12 1 + /2 ) 2 ". 

Hauptmodul. We define the hauptmodul of r (12)+: 

J 12+ := A-^/A^ (= ?? - 6 (z) ?? 12 (2z) ?? - 6 (3z)r,- 6 (4z)r ? 12 (6z), ? - 6 (12z)) 

(250) 1 

= - + 6 + Ihq + 32q 2 + 87q 3 + ■■■ , 

q 

where v 00 (Ji 2 +) = —1 and V-i/ 2 (Ji 2 +) = 1. Then, we have 

(251) Ji 2+ : <9F 12+ \ {z e H ; Re(z) = ±1/2} -» [0, 16] C R. 



12.2. r (12) + 12 = rj(12). 

Fundamental domain. We have a fundamental domain for Fq(12) as follows: 

Fi2+i2 ={\z + 5/12\ > 1/12, -1/2 < Re(z) < -1/3} (J {\z + 7/24) > 1/24, -1/3 sC i?e(z) < -2/7} 

(252) |J | |z| > 1/(2^3), -2/7 iie(z) s$ o} |J { M > l/(2\/3), < ite(z) 2/7} 

|J{|z- 7/24| > 1/24, 2/7 < Re(z) sC 1/3} |J {\z - 5/12| > 1/12, 1/3 < Re(z) < 1/2} , 

where W 12 : e ie /{2^) -» e^- e )/(2\/3), ( 24 7 _ 2 7 ) : (e i9 + 7)/24 -» (e^^ - 7)/24, and (7« _ 2 5 ) : 
(e* 9 + 5)/12 -» (e 4 ^- 9 ) - 5)/12. Then, wc have 

(253) r3(12) = <(51), VF 12 , (»§), ( 2 7 4 2 )). 
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Figure 41. T* (12) 

Valence formula. The cusps of Tg(12) are oo, —1/3, and —1/2, and the elliptic points are i/(2\/3) and 
P12.2 = —2/7 + i/(14v / 3)- Let / be a modular function of weight k for Fg(12), which is not identically 
zero. We have 

(254) «oo(/)+t;_i/3(/)+«-i/ a (/) + iv i/(2 V3)(/) + ^W(/)+ E Mf) = k- 

P er*(i2)\H 

p/i/(2V3),pi2, 2 

Furthermore, the stabilizer of the elliptic point i/(2\/3) (resp. ^12,2) is {H, ±Wi 2 } (resp. {±/, ± ( _24 ^ 2 ) Wia})- 

For the cusp 00. We have = {± (J 1 ) ; n € Z}, and we have the Eisenstein series for the cusp 00 
associated with 1^(12) of weight k ^ 4: 

(255) ££ 12+12 (*) := 

2 fc 3 fc g fc (12z) + 3 fc / 2 (3 fc / 2 - l)g fc (6z) - 2 k 3 k / 2 E k (Az) - 3 fc g fc (3;z) - (3 fc / 2 - \)E k {2z) + £ fc (z) 

(3 fc - l)(2 fe - 1) ' 

For the cusp -1/3. We have r_!/ 3 = {± ( l l^tn -I2n+i ) n G Z} and 7-1/3 = Wi2,4, and we have the 
Eisenstein series for the cusp —1/3 associated with Tq(12) of weight k ^ 4: 

(256) E-{{ 3 +12 {z) := 

-(2 fc 3 fc / 2 ff fc (12z) + 3 fc / 2 (3 fc / 2 - l)£ fc (6z) - 2 fc 3 fc / 2 £ fc (4z) - 3 fc E k (3z) + (3 fc / 2 - l)E k {2z) + E fc (z)) 

(3 k - l)(2 fc - 1) 

We also have 7l 1/3 T*(12) j_ 1/3 = T*(12). 

For the cusp -1/2. We have r_ 1/2 = {± (^[tn -6n+i) ; n £ Z} and 7_i/ 2 = Wi 2 _ 6, and we have the 
Eisenstein series for the cusp —1/2 associated with 1^(12) of weight k > 4: 

(257) E-{i 2 +12 (z) := 

-(2 fc 3 fc / 2 .E fc (12z) - 3 fc / 2 (2 fc + l)£ fc (6z) + 2 k E k (4z) + 3 fc / 2 £ fc (3z) - (2 fc + l)E k {2z) + £ fc (z)) 

(3 fc / 2 + l)(2 fc -l) 

Note that we have £^+12 = rlrt/2 ^i2+- Note that 7~i/2 r o( 12 ) 7-1/2 ^ r 5( 12 )- 



The space of modular forms. We define 

A°° — A°°A° A -1 / 3 

^12+12 •— ^12^12) ^12+1 

which are 4th semimodular forms for Tq(12) of weight 1. Furthermore, we define 



Aoo —AooaO a-1/3 ._a-1/3 a -1/4 .-1/2 ._ ,.-1/2.-1/6 

ZA 12+12 •— ^12^121 ^12+12 •— ^12 ^12 ; ^12+12 - _ ^12 ^12 i 



^12,1,12+12 


: = (£ , l,12+12') 5 £2,12+'A 12 1 ^ 2 A 12 1 ^ 12 Ai2, 


Al2,2,12H 


-12 


^12,3,12+12 


:= (-E , i,i2+i2') 5 £'2,i2+'A r ^ +12 A 12 1 + 3 2 Ai2, 


Al2,4,12H 


-12 


^12,5,12+12 


:= (£ , i,i2+i2 , ) 4 A^ +12 A 12 1 ^ 2 2 (Ai2) 2 , 


Al2,6,12H 


-12 


^12,7,12+12 


; = (Ai2+? 2 ) 2 Ai2+ 2 2(Al2) 3 , 


Ai2,8,12H 


-12 


^12,9,12+12 


: = (Ar2+i2) 2 Ai2+?2(Ai2) 3 - 







?2,i2+'A^ +12 A 12 :l / 2 2 Ai 2 , 



(£ , i,i2+i2') 4 A 12 + 12 A 12 1 _/ 2 2 (A- 



12 ) 



^12+12^12+12(^12 
2 

l 12+12V^12+12 



! (A- 1 + /2 2 ) 2 (A 12 ) 3 , 
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In addition, we denote 

Ai = _Ei : i2 + i2'Ai2(CAj^ +12 A 12 1 ^ 2 © CA 12 1 ^ 2 A 12 1 ^ 2 © CAj^ +12 A 12 1 ^ 2 ), 
M = (Ai 2 ) 2 (CA^ +12 A 12 1 ^ 2 © CA 12 1 ^ 2 A 12 1 ^ 2 © CA^ +12 A 12 1 ^ 2 ), 

B\ = C(-E^ il2+12 )" © 12+12 )" Ai2,l,12+12 © ^(i^ 12+12 )" 1 Ai2 ! 442+12 

© C(-E^ 12+12 )™ 1 Ai 2; 7 ! i2 + i2 C(-E^ 1 2 +12 )™~ 1 (Ai 2 ) 4 © C(E^ 12+12 ) n 2 Ai 2 4 ! i2 + i 2 (Ai 2 ) 4 
© • • • © CA 12 , 7a2+12 (A 12 )^ n -V © C(A 12 ) 4 ", 

S 2 = C(-E 12 * 12+12 )™ © C(i? 12 ^ 12+12 )"~ 1 Ai2 !2 4 2+ i2 © C(i? 12 ^ 12+12 ) n_1 Ai2 ! 5a 2+ i2 
© < C(E 12 ^ 12+12 ) n Ai 2 ^ 8j i2+i 2 © C(E 1212+12 

,12+12)™ Ai2,2, 12+12 (A12) 4 

© • • • © CA 12;8 , 12+12 (A 12 ) 4 ("- 1 ) © C(A 12 ) 4 ", 
B 3 = C(E- 2 f 2+12 r © C( J Br 2 li / 2 2 + i 2 )"- 

^12,3,12+12 ® ^(-^12.12+12) ^12,6,12+12 
® C(£ , 12jl2+12 ) n ~ Ai2,9,12+12 ( C(£ , 12jl2+12 ) n (A12) © ( ^(-^12,12+12) n ^12,3,12+12 

(A12) 4 

© • • • © CA 12;8 , 12+12 (A 12 ) 4 ("- 1 ) © C(A 12 ) 4 ". 



Now, we have 

M k (T* (12)) = CE^ 12+12 © CE-%% 12 © CE-% 2 +12 © S fc (r5(12)), 

5*fe(ro(12)) = (CAi2,l,12+12 © CAi2,2,12+12 © ' ' ' © CAi 2j 942+12 ©C(A 12 ) 4 )M fc _ 12 (rS(12)) 

for every even integer k ^ 4. Then, we have 
M 12 „(rS(12)) = B x © B 2 © B 3 © C(A 12 ) 4n , 
M 12n+2 (rS(12)) = S 2;12+ 'M 12 „(rS(12)) ©C£ lil2+ i 2 'A^ +12 (A 12 ) 4 ™, 

M 12n+4 (rS(12)) - i?r i2+12 (Bi © C(A 12 ) 4 ") © E-}H 12 (B 2 © C(A 12 ) 4 ") © E^+^Bs © C(A 12 ) 4 ") 

© (CBi.12+12' © CA^ +12 )(A 12 ) 4n+1 , 
M 12n+6 (rS(12)) = £^ 12+12 (5i © C(A 12 ) 4 ") © E-ji 3 +12 (B 2 © C(A 12 ) 4 ") © E^ 12 {B 3 © C(A 12 ) 4 ") 



^i(A 12 ) 4 " 



M 12n+8 (rS(12)) = ^ 12+12 (Bi © C(A 12 ) 4 ") © E-}i 3 +12 (B 2 © C(A 12 ) 4 ") © E^ 12 {B 3 © C(A 12 ) 4 ") 

©£ 2 , 12+ %(A 12 ) 4 "©A 2 (A 12 ) 4 ", 
M 12n+ i (r5(12)) - £?S§, 12+12 (Bi © C(A 12 ) 4 ") © E W % 12 (B 2 © C(A 12 ) 4 ") © i^i^ (#3 © C(A 12 ) 4 ") 

© C( J B 1;12+12 ') 4 A 1 (A 12 ) 4 " © £ 2 , 12+ %(A 12 ) 4 " +1 © C£ M2+12 '(A 12 ) 4 "+ 3 . 

Furthermore, we can write 

M fc (r$(12)) = % il2+12 '(C(Af 2+12 )" © CiA^T-'A-^ © • • • © CIA" 1 /?,)"), 

where n = dim(M fc (r^(12))) - 1 = [k - 2(fc/4- |fc/4j)J, and where % ;12+12 ' := 1 and £1,12+12', when 
k = and 2 (mod 4), respectively. 

Hauptmodul. We define the hauptmodul of 1^(12): 

(258) J 12+12 := A^ 2 /A~ +12 (= r;- 4 (z)ry 4 (3z)r 7 4 (4z)r;- 4 (12z)) = 1 + 4 + 14g + 36g 2 + 85g 3 + • • • , 
where ^00(^12+12) = -1 and u_i/3( J12+12) = 1- Then, we have 

(259) Ji 2+ i2 : <9F 12+12 \ {z E H ; Re(z) = ±1/2} -» [-1, 7 + 4^3] C R. 



(ill 
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12.3. r (12) + 4. 

We have r (12) + 4 = r^r (6)T 1/2 . 

Fundamental domain. We have a fundamental domain for To (12) + 4 as follows: 

Fia+4 = {\z + 1/3| ^ 1/6, -1/2 ^ Re(z) < -1/6} I J {\z + 1/12| > 1/12, -1/6 sC Re(z) sC 0} 

(260) w 

(J {|a - 1/12\ > 1/12, < Re{z) < 1/6} [J {|z - 1/3| > 1/6, 1/6 < Re(z) < 1/2} , 

where ^ ) : (e ie + 1)/12 -> (e^"^ - 1)/12 and Wi 2) 4 : l/3 + e ie /6 -> -1/3 + 6^-^/6. Then, we 
have 

(261) r (12) + 4=<-/, (J}), w 12A , (A?)). 




Figure 42. r (12) + 4 



Valence formula. The cusps of To(12) + 4 are oo, 0, —1/2, and —1/6. Let / be a modular function of 
weight k for To (12) + 4, which is not identically zero. We have 

(262) v oo (f) + v (f)+v_ 1/2 (f)+v_ 1/6 (f)+ Yl Mf) = k- 

per (i2)+4\H 

For the cusp oo. We have — {± ( J ™ ) ; n £ Z}, and we have the Eisenstein series for the cusp oo 
associated with To (12) + 4: 

fm\ jroo M _ 2 fc 3 fc £ fc (12z) - 2 3 fc £ fc (6z) - 2 k E k (Az) + 3 fc £ fc (3z) + ff fc (2z) - E k (z) .... 
^kS2+4{ z ) — (3 fc - l)(2 fc - 1) 

For the cusp 0. We have r = {± ( 12n ?) ; n e Z} and 70 = W12, and we have the Eisenstein series for 
the cusp associated with To(12) + 4: 

(0 , A s P o , , _ 3 k/2 (2 k E k (12z) - 2E k (6z) - 2 k E k (4z) + E k (3z) + 2E k (2z) - E k {z)) 
(2b4j % 42 +4l 2 J — (3 fc - l)(2 fc - 1) 

We also have 7 ~ 1 (r (12) + 4) 7o = T (12) + 4. 

For the cusp -1/2. We have T_ 1/2 = |± ( 3 ™£* ^+1) 5 n e Z } and T- 1 / 2 = Wi2+,6> and we have 
the Eisenstein series for the cusp —1/2 associated with r (12) + 4 of weight k ^ 4: 

(265) E-V 2 +4 (z):= 

2 2 fc / 2 3 fc / 2 (2 fc 3 fc £ fc (12z) - 3 fc (2 fc + l)£ fc (6z) - 2 k E k (4z) + 3 k E k (3z) + (2 fc + l)£ fc (2z) - 

(3 fe - l)(2 fe - 1) ' 

We also have 7l 1 1 /2 (r (12) + 4) 7 _ 1/2 = T (12) + 4. 
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For the cusp -1/6. We have T_ 1/6 = |± _3,{+i) ; n e and 7_ 1/6 = VKi 2+j2 , and wc have 

the Eisenstein series for the cusp —1/6 associated with r (12) + 4 of weight k > 4: 

(266) ^"i^ 4 W:= 

-2 2 fc / 2 (2 fc 3 fc / 2 £ fc (12z) - 3 fc / 2 (2 fc + l)£ fc (6z) + 2 k E k {Az) + 3 fc / 2 £ fc (3z) - (2 fc + lj£fc(2z) + gfc(g)) 

(3 fe -l)(2 fe -l) 

We also have 7 Z 1 1 /6 (r (12) + 4) 7 _ 1/6 = r (12) + 4. 

The space of modular forms. We define 

A°° — A^A^ 1 / 3 A — A A~ 1//4 

^12+4 •— ^12^12 i ^12+4 •— ^12^12 > 

A -l/2 ._ fA -l/2x2 A-l/6 ._ CA-1/6X2 

^12+4 •— 1^12 J ' ^12+4 •— 1^12 I > 

which are 4th semimodular forms for Tq(12) of weight 1. 

We have M fc (r (12) + 4) = C££> 12+4 © C£° 12+4 © C£-^ 2 /2 _ 4 © CEr/j^ ® 5 fc (r (12) + 4) and 
5 fc (r (12)+4) = Ai 2+ M fe _4(r (12)+4) for every even integer fc > 4. Then, we have M 4 „ +2 (r (12) + 4) = 
^ 2 ,i2+ / M 4n (ro(12) + 4) © C( J B 1 , 12+ i 2 ') 2 (Ai2+)" ® C( J B 1 , 12+3 / ) 2 (Ai2+)" and 

M 4 „(r (12) + 4) =C(E™ 2+4 ) n © C( J B 4 ~ 12+4 )"- 1 A 12+ © • • • © C£^ 12+4 (A 12+ ) n - 1 

© C(£° 12+4 )" © C(i? 4 12+4 )"- 1 a 12+ © • • • © C£° 12+4 (A 12+ ) n - 1 

© c^+J" © c( j b 4 ; 12 /2 _ 4 )"- 1 a 12+ © • • • © C^ 1 1 2 /2 4 (A 12+ )"- 1 

© cc^-^,)" © c(££ 1 1 £ 4 ) n - 1 A 12+ © • • • © c^ 1 1 2 / ^ 4 (A 12+ )"- 1 © c(A 12+ y\ 

Furthermore, we can write 

M 2n (r (12) + 4) = C(Ar 2+4 ) 2 " © CiA^+d 2 " 1 - 1 ^^ © ' ' ' © C(A° 2+4 ) 2 ". 

Hauptmodul. We define the hauptmodul of r (12) + 4: 

J 12+4 := A? 2+4 /A- +4 (= V i (z) V -\2z)r 1 -\3z)r 1 i (Az) V \6z) V - i (12z)) 

(267) l 

= - - 4 + 6? - 4 9 2 - 3 g 3 + • • • , 

where «oo(>/i2+4) = —1 and ^0(^12+4) = 1- Then, we have 

(268) Ji 2+ 4 : <9Fi 2+4 \ {z e H ; i?e(z) = ±1/2} -» [-9, 0] C R. 



12.4. r (12) + 3. 

Fundamental domain. We have a fundamental domain for r (12) + 3 as follows: 

Fi2 +3 ={|z + 5/12| > 1/12, -1/2 sC Re(z) < -3/8}|j||z + 1/4| ^ l/(4\/3), -3/8 < fle(z) «S -1/4} 

M{|z + 1/4| > 1/(4^/3), -1/4 < Re(z) < -1/8} M{|z + 1/12| > 1/12, -1/8 < Re(z) sC 0} 

(269) ; ' 

\J{\z - 1/12| > 1/12, < Re(z) < 1/8}|J||2 - 1/4| > 1/(4^/3), 1/8 ^ Re{z) < 1/4) 

(J ||2 - 1/4=1 > l/(4-v/3), 1/4 < i?e(z) ^ 3/8} \J{\z - 5/12| > 1/12, 3/8 < Re(z) < 1/2} , 

where W 12 , 3 ■ -1/4 + e lf > / (4^3) -» -1/4 + e^- e )/(4\/3), ( 2 7 4 ? ) VKi 2 , 3 : 1/4 + e*/(4>/3) -» 1/4 + 
e^-<>)/(4x/3), (7, 1 J\) : (e 40 + 1)/12 -» (e*^-*) - 1)/12, and (l|_ 2 5 ) : (e* 9 + 5)/12 -» (e^- e ) - 5)/12. 
Then, we have 

(270) r (12) + 3 = <(Si), vk 12 , 3 , (£1)}. 
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Figure 43. r (12) + 3 



Valence formula. The cusps of ro(12) + 3 are oo, 0, and —1/2, and the elliptic points are pi2,i and 
Pi2,3 = 1/4 + i/(4y/3). Let / be a modular function of weight k for r (12) + 3, which is not identically 
zero. We have 

(271) ««(/)+ »-i/a(/)+«-i/ a (/) + ^w(/) + ^i a ,.(/)+ E Mf)=k- 

P er (i2)+3\H 

P5^P12,1 ,P12,3 

Furthermore, the stabilizer of the elliptic point pi2,i (resp. pi2,z) is {±1, ±Wi2,3} (resp. {±1, ± ( 2 7 4 2 ) ^12,3})- 

For the cusp 00. We have = {± ( J ™ ) ; n G Z}, and we have the Eisenstein series for the cusp 00 
associated with F (12) + 3: 



(272) flgW*)- ,1, Tr.r forfc^4. 



2 fc 3 fc / 2 £ fc (12z) - 3 fe / 2 £ fe (6z) + 2 fc £ fc (4z) - £ fc (2z) 
(3 fc / 2 + l)(2 fe - 1) 

Note that we have Ef 12+3 (z) = Ef fi+3 (2z). 



For the cusp 0. We have r = {± ( 12n ? ) ; n e Z} and 70 = W12, and we have the Eisenstein series for 
the cusp associated with To (12) + 3: 



(273) E° (z) ~( 3fc/2 ^( fe ) ~ 3 fc/2 ^(3^) + E k {2z) - E k {z)) 

(273) E k<12+3 {z).- (3 fc / 2 + l)(2 fe -l) torfc^4. 

Note that we have E^ 12+3 (z) = 2- k ' 2 El . 6+3 (z). We also have 7 ~ 1 (r (12) + 3)70 = r (12) + 3. 

For the cusp -1/2. We have r_ 1/2 = {± (i'jJn -6 3 ™+i) i n e Z } and 7-1/2 = W12-6, and we have the 
Eisenstein series for the cusp —1/2 associated with To(12) + 3 of weight k 4: 

(274) E-^ +3 (z):= 

-(2 fc 3 fc / 2 £ fc (12z) - 3 fc / 2 (2 fc + l)E k {Qz) + 2 fc £ fc (4z) + 3 fc / 2 £ fc (3z) - (2 fc + l)£ fc (2z) + E k (z)) 

(3 fc / 2 + l)(2 fe - 1) ' 

Note that we have E~^ 2 +3 (z) = E~^ 2 +12 (z) = 2- 1 2- fc / 2 £; fc ;^^(z). We also have 7l 1 1 /2 (r (12) + 
3) 7-1/2 =r (12) + 3. ' 

The space of modular forms. We define 

Aoo ._ AOOA-1/4 A ._ AO A-l/3 A-l/2 ._ A -l/2 A -l/6 
ZA 12+3 - — ^12^12 ' ^12+3 - — ^12^12 1 ^12+3 - — ^12 ^12 ) 

which are 4th semimodular forms for To(12) + 3 of weight 1. Furthermore, we define 

(£ , l,12+3') 5£, 2,12+'A^ +3 A 12 :L ^ 2 Ai2, 

(£ , i,i2+3') 4 A? 2+3 A 12 1 ^3(Ai2) 2 , 

(£ , i,i2+3') 4 A^ +3 A5 2+3 (Ai 2 ) 2 , 
A oo fA _1 /2\2/ A \3 



Ai2, 1,12+3 


'■— (-El, 12+3 


) 5 -E2,i2+'A5 2+3 A 12 1 / 3 Ai 2 , 


Al2,2,12+3 


Ai2,3,12+3 


: = (-&1, 12+3 


) 5 -B2,12+'A^ +3 A5 2+3 Ai2, 


Al2,4,12+3 


Ai2,5,12+3 


'■— (-El, 12+3 


) 4 A^ +3 A 12 1 / 3 (Ai 2 ) 2 , 


Al2,6,12+3 


Ai2,7,12+3 


:= (A12+3) 2 


A^CAis) 3 , 


Al2,8,12+3 


Ai2,9,12+3 


:= (Ar 2+3 ) 2 


A? 2 +3(Al2) 3 - 
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In addition, we denote 

M 

(A 12 ) 2 (CAf§ +3 8 CA? 2+3 A 

= C(^ il2+3 )™ © C(i?^ 12+3 )" Ai2,i,i2+3 



A 2 
Si 



-Ei,i2+3'Ai 2 (CA^ +3 A 12 1 ^3 

-1/2 



^-^12+3^12+3 



1 ^-^12+3^12+3) 



-1/2 
*12+3 



<r/\°° a t 

^^12+3^12+37' 



,12+3 



)™ 1 Ai 2; 4^i 2+ 3 



©C(£^ 12+3 )" 1 Ai 2j 7 : i 2+3 © C(i?^ 12+3 )™ 1 (A i2 ) 4 © C(_E{5 12+3 )™ 2 Ai 2: i i i 2+ 3(Ai 2 ) 4 

\4n 



© • • • © CA^^A^) 4 ^- 1 ) © C(A 12 , 

B 2 = C(E® 212+3 ) n © C(S° 2a2+ 3)™ _1 Ai 2i2 ,i 2+ 3 © C(i?° 2a2+ 3)" _1 Ai 2; 5 : i 2+ 3 
© C(S° 212+ 3) n_:L Ai 2i8: i 2+ 3 

© • • • © CAr^^Ar,) 4 ^ 1 ) © C(A 12 ^ 4; 



©C(S 1 2!l2+ 3r- 1 (A 12 ) 4 ffiC( J B 1 242+3 )"- 2 A 12 , 2 , 12+ 3(A 12 ) 
-^ffiCCAx,) 4 ", 

= C(£ , 12 ^2 +3 )™ © C(S 12 1 (2 +3 ) n_1 Ai2 :3 ,12+3 © C(S 12 1 ( 2 + 3)" _1 Ai2 i6 ,12+3 

© c(sr 2 \ / 2 2 +3 )"- 1 A 12 , 9 ,i2+3 © c(s 12 ! 1 / 2+3 )"- 1 (a 12 ) 4 © c(E; 2 f 2+3 r 



) C(£ 12 ^ 2 + 3 
1 ••• ©CAi2, 8 ,12+3(Al2; 



2 Ai2,3,12+3(Ai 2 ) 4 



4 ("" 1 ) ©C(A 12 ) 4 " 



C-Efc^i 2+3 



Now, we have 

M fe (r (12) + 3) 

Sfe(r (12) + 3) = (CAia.1,12+3 © CA 12 , 2 ,12+3 

for every even integer k ^ 4. Then, we have 



C ^fe,12+3 



<CE 



-1/2 

fe,12+3 



5 fe (r (12) + 3) 



1 CA 12)9il2+3 © C(A 12 ) 4 )M fc _ 12 (r (12) + 3) 



M 12n (r (12) + 3) 
M 12n+2 (r (12) + 3) 
M 12 „ +4 (r (12) + 3) 

M 12n+6 (r (12) + 3) 

M 12n+8 (r (12) + 3) 

M 12 „+io(r (12)+3) 



Biffi^ffiBaffiClA^) 4 ", 

£ 2 , 12+ 'M 12n (r (12) + 3) © CS lil2+3 'A^ +3 (A 12 ) 4 ", 

E~i2+3(Bi © C(A 12 ) 4 ") © i? 4 12+3 (S 2 © C(A 12 ) 4n ) © £7^3 (B 3 



(C^ 1 , 1 2+ 3 '©CA^ +3 )(A 12 ) 



4n+l 



C(A 12 ) 4n ) 
C(A 12 ) 4 ") 
C(A 12 ) 4 ") 



^12+3(^1 © C(A 12 ) 4 ") © El 12+3 (B 2 © C(A 12 ) 4 ") © E-}i 2 +3 (B 3 
©^(A^) 4 ", 

^12+3(^1 © C(A 12 ) 4 ") © El 12+3 (B 2 © C(A 12 ) 4n ) © ^-^(Bs ' 

ffii?2,12+%(A 1 2) 4 "ffi^2(A 1 2) 4 ", 

^,12+3(^1 © C(A 12 ) 4n ) © ^0,12+3(^2 © C(A 12 ) 4n ) © E-l[l +3 (B 3 © C(A 12 ) 4 ") 

© C(£; i , 1 2+ 3 ') 4 ^l(Al2) 4n © ^2,12+ / A2(A 12 ) 4 " +1 © Ci? 14 2+3'(Ai 2 ) 4 " +3 . 



Furthermore, we can write 

M fc (r (12) + 3) = E- k l2+3 \C{Z? 2+3 Y © C(A- +3 )"- 1 A° 2+3 © ■ ■ ■ © C(A° 2+3 )»), 

where n = dim(M fe (r (12) + 3)) - 1 = [fc — 2(fc/4— Lfc /4J ) J , and where E J l2+3 := 1 and £4,12+3', when 
k = and 2 (mod 4), respectively. 

Hauptmodul. We define the hauptmodul of r (12) + 3: 

(275) J 12+3 := A°2 +3 /Ar 2+3 (= 7? 2 (z)r/ 2 (3z)rr 2 (4z)rr 2 (12z)) = - - 2 - q + 7q 3 - 9q 5 + ■ ■ ■ , 

where 1^00(^12+3) = — 1 an d ^0(^12+3) = 1- Then, we have 

J12+3 : {\z + 1/12| = 1/12, -1/8 < Re{z) sC 0} -2 + [0, 2] C R, 
{\z + 5/12| = 1/12, -1/2 sC Re(z) -3/8} -> -2 - [0, 2] C R, 

(276) { |z + 1/4| = 1/(4/3), -3/8 < Jte(z) < -1/4} - -2 + 2v^[0, 1], 

||2 - 1/4=| = l/(4-/3), 1/8 ^ i?e(z) < 1/4} -2 - 2-/3[0, 1]. 
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Lower arcs of <9Fi2+3 

Figure 44. Image by J12+3 

12.5. r Q (12). 

Fundamental domain. We have a fundamental domain for To(12) as follows: 

F12 ={|z + 5/12| 5s 1/12, -1/2 sC Re(z) < -1/3} \J {\z + 7/24 > 1/24, -1/3 < Re(z) < -1/4} 

I J {Is + 5/241 ^ 1/24, -1/4 < Re(z) < -1/6} I \{\z + 1/12! > 1/12, -1/6 < Re(z) < 0} 

(277) w w 

|J{|z- 1/12| > 1/12, < Re(z) < 1/6}|J{|« - 5/24| > 1/24, 1/6 < Re{z) ^ 1/4} 

\j{\z- 7/24| > 1/24, 1/4 < fle(z) 1/3} (J {|z - 5/12| > 1/12, 1/3 < Re(z) < 1/2}, 

where ( \\ \) : (e» + 1)/12 - (e'C*"*) - 1)/12, i 6 ) : ( e » + 5)/24 -> (e^"*) - 5)/24, ( 24 7 _ 2 7 ) : 
(e' e + 7)/24 -> (e l ^-°) - 7)/24, and ( 7 2 5 _ 2 5 ) : {e 10 + 5)/12 -> (e^- 9 ) - 5)/12. Then, we have 

(278) r (12) = (-J, (J|), (£?), (| 4 i), (£*)>. 




Figure 45. T (12) 

Valence formula. The cusps of To(12) are oo, 0, —1/3, —1/4, —1/2, and —1/6. Let / be a modular 
function of weight k for To (12), which is not identically zero. We have 

(279) «oo(/) + «d(/)+t;-i/3(/) +«-!/*(/) + w-i/ 2 (/) + «-i/ B (/)+ E «p(/) = 2 *- 

P er (i2)\H 

For the cusp oo. We have Too = {± ( J ™ ) ; n € Z}, and we have the Eisenstein series for the cusp oo 
associated with r (12): 

(280) E ^ (2 y. = ^MM^p^)0^M±^M !0Ik>i . 

Note that we have E%° 12 (z) = E%° 6 (2z). 

For the cusp 0. We have To = {± ( 12n ? ) ; n G Z} and 70 = W12, and we have the Eisenstein series for 
the cusp associated with r (12): 

r9sm P o M Z k/2 (E k {&z) - E k (3z) - E k (2z) + £ fc (z)) 

( 281 ) ^,12(2):= (3 fc _ 1)(2 fc _ 1) forfe^4. 

Note that we have E° 12 (z) = 2- fc / 2 £:° 6 (z). We also have 77 1 r (12) 70 = r (12). 
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For the cusp -1/3. We have T_ 1/3 = {± ( 12 _^ -iin+i ) > 71 e ^} an< ^ 7-1/3 = Wi2,4, and we have the 
Eisenstein series for the cusp oo associated with r (12): 

(2S2) Etf (,) :- ^ E _t»-T } + EklZ>) <°' k>i - 

Note that we have EZ^ 2 3 (z) = 2- k l 2 EZ^ {£). We also have jZl /3 r (12) 7_i /3 = r (12). 

For the cusp -1/4. We have r_ 1/4 = {± ( -i2n+i ) ; n e Z} and 7_i/ 4 = Wi 2 ,3, and we have the 
Eisenstein series for the cusp —1/4 associated with To(12): 

1/4^ ._ -3 fc / 2 (2 fc £ fc (12z) - £ fc (6z) - 2 fc £ fc (4z) + E k {2z)) 

(3 fe -l)(2 fe -l) 

Note that we have EZ^ 2 {z) = E~* /4 (2z). We also have jZlu r (12) 7-1/4 = r (12). 



(283) Sfcin*) := — v ^">-^^~ kK " {ork ^ 4 _ 



For the cusp -1/2. We have T_ 1 / 2 = {± (l™^ -6 3 n+i) n e and 7_i/ 2 = Wi2_,6, and we have the 
Eisenstein series for the cusp —1/2 associated with To(12) of weight k ^ 4: 

(284) i? fe ^ 2 /2 (z):= 

3 fc / 2 (2 fc 3 fc £ fc (12z) - 3 fc (2 fc + l)E k (6z) - 2 k E k (Az) + 3 k E k (3z) + (2 k + l)£ fc (2z) - £ fc (z)) 

(3 k - l)(2 fc - 1) 

Note that we have ^^(z) = 2- 1 2~ fe ' 12 'E~\£ +i (z). We also have jZ{ /2 r (12) 7_i/ 2 = T (12). 

For the cusp —1/6. We have r_i/ 6 = {± (^g* _ 6 n+i) ! n e ^} an d 7-1/6 = Wi2-,2, and we have the 
Eisenstein series for the cusp —1/6 associated with r (12) of weight k ^ 4: 

(285) i?^ 2 /6 (z):= 

-(2 fc 3 fc / 2 g fc (12z) - 3 fc / 2 (2 fc + l)E k (6z) + 2 fc £ fc (4z) + 3 fc / 2 £ fc (3z) - (2 fc + l)£ fc (2z) + E k {z)) 

(3 fc -l)(2 fe -l) 

Note that we have EZ^ 2 {z) = 2- 1 2~ k l 2 EZ^^z). We also have jZl /e r (12) 7_i /6 = r (12). 
The space of modular forms. We define 

A — CA° \ 2 A- 1 /3 A -l/4 A -l/2 A -l/6 a ._ / A <x>x2 A -l/3 A -l/4 A -l/2 A -l/6 

^6,1,12- •— l^ 12 j A 12 A 12 A 12 A 12 , A 6i2j i 2 _ .— (A 12 ) A 12 A 12 A 12 A 12 , 



A 6;3 ,i2- := A-A? 2 (A 12 1/4 ) 2 A7 2 1/2 A7 2 1/6 , A 6 , 4 ,i 2 - 



= Ar 2 A? 2 Ar 2 1/3 Ar 2 1/4 (Ar 2 1/2 ) 2 . 



A 6;5 , 12 - := A-A? 2 A- 2 1/3 A- 2 1/4 (Ar 2 1/6 ) 2 , A 6 , 6 , 12 _ 
Now, we have 

M fc (r (i2)) - ce% 12 © CE° kA2 © C£^ 3 e «;^ 2 /4 e ez% 2 © «; fe -} 2 /6 e s fc (r (i2)), 

S fc (r (12)) = (CA 6 ,i,i2- © CA 6;2 , 12 _ © • • • © CA 6i6;12 _ © C(A 12 ) 2 )M fc _ 6 (r (12)), 
for every even integer k ^ 4. Then, we have 

M 6 „(r (12)) = C(E%° 12 ) n © C( J B 6 co 12 )"- 1 A 6 , 1 , 12 _ © C(i? 6 co 12 )"- 1 (A 12 ) 2 © • • • © CA 64 , 12 _(A 12 ) 2 ("- 1 ) 
© C(El l2 ) n © C(El 12 )"- 1 A 6 , 2 , 12 _ © C(£ 6 ° 12 )"^ 1 (A 12 ) 2 © • • • © CA 6 , 242 _(A 12 ) 2 ("- 1 ) 
© C(^ 6 "^ 3 ) n © C( J B 6 ; i 1 2 /3 )"- 1 A 6 ,3 > i 2 - © C(£; 6 - 1 1 2 /3 )"- 1 (A 12 ) 2 © • • • © CA 6 , 3 ,i2-(A 12 ) 2 ("- 1 ) 
© © C( J B- 1 1 / 4 )"- 1 A 6 , 4; i 2 - © C( J B 6 ; i 1 2 /4 )"- 1 (A 12 ) 2 © • • • © CA 6A i2-(A 12 ) 2 <"- 1 ) 

© C(E-}i 2 ) n © C(^ 1 1 2 /2 )"- 1 A 6 , 5 ,i2- © C( J B 6 ; i 1 2 /2 )"- 1 (A 12 ) 2 © • • • © CA 6i5 ,i2-(A 12 ) 2 ("- 1 ) 
© C(E-{i 6 ) n © C( J B- 1 1 2 / 6 )"- 1 A 6 , 6;12 _ © C(^ 1 1 / 6 ) n - 1 (Ai 2 ) 2 © • • • © CA 6 , 642 _(A 12 ) 2 ("- 1 ) 



\2n 



M 6n+2 (r (12)) = £ 2;12+ 'M 6n (ro(12)) 

© (C(£ lil2+ i 2 ') 2 © C(£ 142+3 ') 2 © C(Af 2 ) 4 © C(A? 2 ) 4 )(A 12 ) 2 ", 
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M 6n+4 (r (i2)) = E™ 2 (C(E™ 2 y © c( j b 6 to 12 )"- 1 a 6 , 1i12 _ e c(E^ 12 ) n - 1 (A 12 f e • • • e c(A 12 ) 2n ) 
e El 12 (c(E ( l 12 ) n © c(£ 6 ° 12 ) n - 1 a 6 , 2 , 12 _ e c(i? 6 12 )"- 1 (A 12 ) 2 © • • • © c(A 12 ) 2n ) 

© ^^(C^^ 3 )" © C(£; 6 -^ 3 ) n - 1 A 6i3 ,i2- © C(£7 6 - 1 1 ^ 3 ) n - 1 (Ai 2 ) 2 © • • • © C(A 12 ) 2 ") 
© E-U\C(E-H 4 r © C(f; 6 -^ 4 ) n - 1 A 6l 4,i2- © C(£7 6 - 1 1 ^ 4 ) n - 1 (Ai 2 ) 2 © • • • © C(A 12 ) 2n ) 
© EZH'iCiE-^r © C^Jf ) n - 1 A 6 , 6 ,i2- © C(£7 6 - 1 1 ^ 2 ) n - 1 (A 12 ) 2 © • • • © C(A 12 ) 2 ") 
© ^^(C^ 6 )" © C(f; 6 -^ 6 ) n - 1 Aa l6 ,i2- © C(£7 a - 1 1 ^ 6 ) n - 1 (A 12 ) 2 © • • • © C(A 12 ) 2 ") 
© (C(A-) 4 (A° 2 ) 4 © C(A7 2 1/3 ) 4 (A 12 1/4 ) 4 )(A 12 ) 2 " © C£ M2+12 '(A 12 ) 2 " +1 . 

Furthermore, we can write 

M 2 „(r (12)) = C(A^) 4 " © ClA^) 4 "-^?, © • • • © C(A° 2 ) 4 ". 

Hauptmodul. We define the hauptmodul of To (12): 

Ji 2 := A? 2 /A- (= 7 1 3 (z) V - 2 (2z)7 1 - 1 (3z)7 1 (4z)r 1 2 (6z) V - 3 (12z)) 

(286) 1 „ _ 

= - - 3 + 2q + q 3 - 2q 7 , 

q 

where Voo(Ji 2 ) = — 1 and Vo(Ji 2 ) = 1. Then, we have 

(287) J12 : d¥ 12 \ {z e H ; Re(z) = ±1/2} -» [-6, 0] C R. 
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